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between the Transmission Market and Local Energy

Hubs
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Abstract—The cross impacts between transmission and dis-
tribution systems have drawn extensive attention, where multi-
energy carriers become increasingly dominant in local market
operations. Local energy hubs, integrated with multi-energy
carriers, e.g., electricity, gas, heat, present great potentials to
provide adequate power and reserve support for the transmission
system, which could mitigate issues such as boundary mismatches
in the upstream market. However, energy hubs are typically
equipped with abundant distributed renewable resources. Such
local uncertainties can adversely affect the well-being of the
coordinated multi-energy market hierarchy. This paper presents
a novel multi-period scheduling framework that considers the
coordination between the transmission network and distribution
energy hubs. Each agent performs local scheduling operations
capturing independent uncertainties via a distributionally robust
formulation. We then apply a tailored accelerated augmented
Lagrangian algorithm embedded with the column-and-constraint
method to decentralize the overall operation with agents’ privacy
preserved. The fast and convergent feature of the algorithm
ensures its scalability and reliability in real-world applications of
the energy hub design with transmission coordination. Numerical
experiments confirm the efficacy of the proposed method.

Index Terms—Transmission and distribution coordination,
multi-energy carrier, distributionally robust optimization, decen-
tralization, augmented Lagrangian.

NOMENCLATURE

1) Sets:
T /D Transmission/distribution system components
S /N Sending/receiving bus of T&D lines
A Bus mapping of installed units

2) Indices:
g / r / f Conventional unit/renewable unit/line
a / ag / af Gas retail/gas unit/gas pipeline
t / tg / tf Heat source/CHP/heat pipeline
` / a` / t` Electric/gas/heat demand
e / ae PESS/GESS
n / an / tn Power bus/gas node/heat node
c Gas compressor
l / al / tl Alias of power bus/gas note/heat node
h /H Operation time index/final time interval

3) Parameters:
Cg /Ce Operation costs for generators/ESS
Cr /C` Curtailment costs for renewables/demand
P`,h/Ua`,h Electric/gas demand
HL
t`,h Heat demand
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Pmax
g /Pmin

g Maximum/minimum power capacity
Pmax
f Maximum flow limit
Y max
f /V max

n Current square/voltage square limit
RUg/RDg Ramp up/down limits
Che/Che ESS minimum/maximum charging limit
Dhe/Dhe ESS minimum/maximum discharging limit
SOCe ESS minimum SOC limit
SOCe ESS maximum SOC limit
SOCe,0 Initial ESS SOC
LRe Loss rate of the ESS
ηe Charging and discharging efficiency
X(f,ij) Reactance of line f or ij
R(f,ij) Resistance of line f or ij
B↓h/B

↑
h Downward/upward reserve requirement

Wmax
an Maximum gas nodal pressure

Wmin
an Minimum gas nodal pressure

βag Gas-power conversion factor
γc /αc Gas/inflow compressor factor
θaf Weymouth coefficient
Umax
af,h Maximum gas procurement

e Euler’s number
Ct Water specific heat capacity
Th Water pipeline ambient temperature
λtf Heat transfer coefficient of water pipelines
Ktf Length of water pipelines
P̃r,h Uncertain renewable maximum power point

4) Variables:

pg,h/pr,h Active power of generators/renewables
qg,h/qr,h Reactive power of generators/renewables
pe,h Active power of PESSs
pn,h/qn,h Nodal active/reactive power injection
pn,h/qn,h Nodal active/reactive power injection
pf,h Active transmission power flow
pmn,h/qmn,hActive/reactive distribution power flow
soce,h SOC of ESSs
s`,h/sa`,h Electric/gas demand curtailment
δn,h Bus phase angle
b↑g,h/b

↓
g,h Reserve capacity secured by generators

pag,h/ptg,h Active power output of gas unit/CHP
qag,h/qtg,h Reactive power output of gas unit/CHP
ua,h/uae,h Gas procurement/gas output from GESS
uaf,h Inactive gas pipeline flow
ucm,inaf,h Inflow of gas compressors
ucm,outaf,h Outflow of gas compressors
wan,h Gas nodal pressure
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hStg,h Heat consumption of CHP
Mf,s
tf,h/M

f,r
tf,hMass flow rate in supply/return pipeline

Ms
t,h/M

L
t`,h Mass flow rate in heat source/load

τsf,rtf,h Temperature at inlet of the supply pipeline
τsf,stf,h Temperature at outlet of the supply pipeline
τrf,rtf,h Temperature at inlet of the return pipeline
τrf,stf,h Temperature at outlet of the return pipeline
τsStg,h Heat source supply temperature
τrStg,h Heat source return temperature
τsLt`,h Heat load supply temperature
τrLt`,h Heat load return temperature
τsmixtn,h Mixture temperature at supply node
τrmixtn,h Mixture temperature at return node

I. INTRODUCTION

ELECTRICITY markets have been in a transitional stage
that follows from a top-down hierarchy to a bottom-up

one. As the local distribution networks and microgrids become
increasingly active, they attain a growing capability to provide
both power and ancillary service support to the upstream
operator. While the transmission system could not overlook
the local impacts, distribution system operators (DSOs) are
emerging to seek cooperation with the conventional indepen-
dent system operator (ISOs) for better managing a reliable
and efficient power grid [1]. The variable distributed energy
resource (DER) plays a critical role in this transition with
governmental incentives and regulations, e.g., FERC order
2222 [2]. Nevertheless, substantial operational uncertainties in
DERs such as wind and solar variations shape a bottleneck
when considering them in the market operation, especially
with the transmission and distribution (T&D) coordination.
The current research has conducted thorough investigations
in the impacts of variable DERs in the power sector, e.g., [3].
However, another non-negligible transition, i.e., the prolifera-
tion of multi-energy carriers in the local energy network, is
turning the power distribution system into a multi-energy hub.
Its coordination with the T&D market hierarchy has not been
sufficiently studied.

Existing literature has devoted considerable efforts to study-
ing T&D coordination. Designing the future DSO frameworks
gains prevalence since the ISO operation has been well struc-
tured and developed. As summarized in [4], there are three
stages of the DSO design philosophy and its coordination
scheme with the ISO, i.e., centralized, decentralized, and
transactive models. From first to last, the system of systems
becomes more flexible and distributed. Due to the natural
compatibility with the existing market framework, based on
the distribution utility model (Model 3) in [4], our previous
work [5] focuses on an ISO-leading unit commitment (UC)
problem capturing the individual system uncertainties. The
ISO still dominates the T&D market in this model, while the
DSO performs as a utility managing the local assets. In this
paper, we extend that work to investigate the case that both the
ISO and DSO act as independent entities based on Model 4
in [4], where the ISO cannot easily dominate the coordinated
market with no vision and control on DSOs. Entities only

exchange boundary information in the physical coupling node
and operate independent market operations. There will no
longer be an integrated UC problem as there is no central
operator, but a multi-objective and multi-agent optimization
problem, which could be formulated as a distributed economic
dispatch (ED). We refer to [6] for deeper discussions on
decentralized T&D cooperation.

The local energy system in the distribution level, however,
does not only serve electric power. The proliferating energy
hub in smart distribution systems houses multi-energy carriers,
within which the electric power, natural gas, and heat energies
are the most common and substantial [7]. It is natural that the
DSO takes the multi-energy carriers’ operations into account
when coordinating with the power transmission system since
other energy networks exert impacts on both system dynamics
and techno-economic values of the power distribution system.
However, the characteristics of each energy carrier are dif-
ferent and complex. For instance, the electric power flow in
the power distribution system and the gas pipeline flow in the
gas distribution system inflict nonlinearity and intractability
to the coordinated market model. In our paper, to retain con-
vexity, we propose using the second-order cone programming
(SOCP) to model the nonlinear AC power flow and the gas
flow equations while keeping the heat network linear via the
variable-temperature constant-flow (VTCF) model. Note that it
is normal to consider multi-energy carriers in the distribution
system to be operated by a single entity, i.e., the DSO. Many
utilities manage and operate multi-energy assets, including
power and gas, such as PG&E in California and ComEd in
Illinois.

Operational uncertainties, e.g., variable DER outputs, pose
another hurdle in the T&D coordination. Though many works
focus on the deterministic T&D operation due to the relatively
small variation in the distribution network [8], [20], [21],
it has been confirmed that a stochastic optimization-based
model yield greater economic values and better capture the
operation changes [10], [13]. Various stochastic optimization
techniques have been widely applied in T&D coordination,
among which the most common ones are scenario-based
stochastic programming (SP) [5] and robust optimization (RO)
[9]. The issue of the curse of dimensionality arises when the
number of scenarios increases to capture enough uncertain
patterns in the SP, and the over-conservatism of the RO
beclouds its applicability in normal system operations. In this
context, distributionally robust optimization (DRO) attracts
extensive attention to achieve a tradeoff between conservative-
ness and uncertainty realization, which outperforms SP and
RO as a general-use stochastic optimization framework [3].
It models the uncertainty by assuming an ambiguity set that
approximates its true probability distribution, which enjoys
broad applications in the literature. C. He et al. [22] adopted
DRO modeling a power-gas energy hub operation considering
electric and gas load uncertainties. D. Mohammadreza et al.
[23] proposed a two-stage transactive energy framework using
DRO to capture renewable DER uncertainties. P. Li et al. [10]
built a DRO chance-constrained distributed T&D coordination
problem with wind uncertainties.

The resulting T&D problem with energy hubs is highly
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TABLE I
COMPARISON BETWEEN THIS PAPER AND STATE-OF-THE-ART STUDIES

Domain Reference Problem
Network Modeling

Renewables Operation Method Uncertainty Modeling
Transmission Distribution

T&D

[8] ED Linear Linear 7 Decentralized Gradient Decomposition 7

[9] ED Linear Linear 3 Decentralized ADMM RO

[10] ED Linear Linear 3 Decentralized Analytical Target Cascade DRO

[11] ED Linear Nonlinear 3 Centralized SOCP SP

[12] UC Linear Nonlinear 7 Decentralized Surrogate LR 7

[5] UC Linear Nonlinear 3 Decentralized Nested L-shaped SP

[13] ED Linear Nonlinear 3 Decentralized AAL RO

This paper ED Linear Nonlinear 3 Decentralized AAL DRO

Domain Reference Problem
Network Modeling

Operation Method Uncertainty Modeling
Power Gas Heat

Energy
Hub

[14] UC Linear 7 VTCF Centralized SOCP 7

[15] UC Linear Linear 7 Centralized Benders Decomposition 7

[16] ED Linear Linear Linear Centralized Linear Programming SP

[17] ED Linear Nonlinear 7 Decentralized Benders Decomposition 7

[18] ED Linear Nonlinear 7 Centralized Dual Reformulation DRO

[19] ED Linear 7 VTCF Decentralized ADMM 7

[7] ED Linear Nonlinear VTCF Decentralized ADMM 7

This paper ED Nonlinear Nonlinear VTCF Decentralized AAL DRO

Note: Please find acronym expansions in the text.

intractable due to the multi-scale T&D system characteristics
and the stochastic nature of DERs. Meanwhile, when the ISO
and DSO act as independent entities, they should execute
individual scheduling problems with the privacy of system
information preserved during the operation. Hence, centralized
decomposition techniques such as Benders decomposition [15]
are not applicable. Instead, ISOs and DSOs require distributed
algorithms to decentralize communications such as the well-
known augmented Lagrangian relaxation (LR) method. It
helps each agent formulate the individual subproblem and
only updates Lagrangian multipliers, i.e., gradient information,
in each iteration, protecting agents’ confidentiality. A re-
cent enhancement, i.e., the accelerated augmented Lagrangian
(AAL) [24], becomes a more efficient alternative than con-
ventional LR-based methods such as the alternating direction
of multipliers method (ADMM). Though originally devised
for solving nonconvex problems, the efficacy of the AAL has
also been validated in distributed convex applications with
better performance than ADMM [25]. To solve the DRO-based
subproblems for the ISO and DSOs, we propose using the
widely-adopted column-and-constrained generation (C&CG)
method [26], which is embedded in the AAL procedure
without jeopardizing the convergence.

Though the existing literature has conducted thorough re-
search in the T&D operation and distribution-level energy
hubs, to the best of the authors’ knowledge, this is the
first work investigating the impacts of multi-energy hubs in
the T&D electricity market. We also extend the application
of AAL to the DRO, which yields better performance and
economic outcomes than deterministic [25] and RO [13] ap-
plications. We conduct a comprehensive comparison between

this study and other recent works in Table I. Furthermore, we
summarize the threefold contributions of this paper as follows.

• We propose a novel multi-period scheduling framework
for coordination between the transmission system and
local energy hubs. The energy hub considers electric,
gas, and heat energies with explicit network and resource
modeling. The quantitative analyses demonstrate the cost-
effectiveness of considering multi-energy hubs in T&D
coordination.

• We implement a T&D market paradigm based on de-
centralized operations, which serves as a potential future
T&D market structure as discussed in [4]. Each agent
considers individualized uncertainties such as renewable
generation and multi-energy demand without impacting
others.

• We tailor the AAL algorithm with the C&CG method
and validates its applicability to a DRO-based multi-
agent distributed operation. The proposed method meets
the requirements for solving a stochastic T&D coordina-
tion problem, e.g., computational efficiency, convergence
guarantee, and privacy protection.

We organize the rest of the paper as follows. Section II
provides a detailed problem formulation for the transmission
system operation and the local energy hub scheduling while
also introducing the ambiguity set construction for each sys-
tem’s uncertainties; section III describes the decentralization
between agents and the overall solution procedure of the distri-
butionally robust T&D problem based on the AAL algorithm;
section IV demonstrates the effectiveness of the proposed
framework using numerical experiments; section V concludes
the paper with several technical remarks.
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II. PROBLEM FORMULATION OF THE DRO-BASED
MULTI-ENERGY T&D COORDINATION

In this section, we detail the mathematical formulation of
the transmission system and local energy hubs, with uncertain-
ties involved in the variable renewable generation. A two-agent
co-optimization describes the T&D coordination with different
agent-specific modeling details. We consider the upstream
agent problem as a conventional economic dispatch carried
out for the transmission network with industry-calibrated DC
power flow. The problem for downstream agents is an SOCP-
based multi-energy hub optimization considering nonlinear
network equations for more accurate AC power and gas
pipeline flows. The heat network brings a linearized VTCF
model. Both agents follow a two-stage distributionally robust
optimization formulation with individualized ambiguity sets
for uncertainties.

A. Upstream Agent Problem: Transmission Market

The upstream agent solves a transmission ED problem
capturing utility-level wind uncertainties. We write a canonical
form of the formulation as shown in (1).

T := min
xT

∑

h

[∑

gT

CTg p
T
g,h +

∑

eT

CTe (cTe,h + dTe,h)
]

+ sup
P T ∈AT

EP T
{

min
yT

∑

h

[∑

rT

CTr b
T
r,h +

∑

`T

CT` s
T
`,h

]}

(1a)

subject to

∑

gT ∈A(nT )

pTg,h +
∑

rT ∈A(nT )

pTr,h −
∑

fT ∈S(nT )

pTf,h

+
∑

fT ∈N(nT )

pTf,h +
∑

eT ∈A(nT )

pTe,h =
∑

`T ∈A(`T )

{ P T`,h − sT`,h },

∀nT ,∀h, (1b)

pTf,h = X−1
fT [δTn|S(nT )=fT ,h − δTn|N(nT )=fT ,h],∀fT ,∀h, (1c)

− P T ,max
f ≤ pTf,h ≤ P T ,max

f , ∀fT ,∀h, (1d)

pTg,h − pTg,h−1 ≤ RUTg , ∀gT ,∀h, (1e)

pTg,h−1 − pTg,h ≤ RDTg , ∀gT ,∀h, (1f)

P T ,min
g ≤ pTg,h ≤ P T ,max

g , ∀gT ,∀h, (1g)

P T ,min
g + bT ,↓g,h ≤ pTg,h ≤ P T ,max

g + bT ,↑g,h , ∀gT ,∀h, (1h)
∑

gT

bT ,↓g,h ≥ B
T ,↓
h ;

∑

gT

bT ,↑g,h ≥ B
T ,↑
h ∀h, (1i)

bTr,h = P̃ Tr,h − pTr,h ∀rT ,∀h, (1j)

where xT = {pTg,h, pTr,h, pTe,h, cTe,h, dTe,h} is the first-stage deci-
sion variable vector and yT = {mTg,h, sT`,h} is the second-stage
decision variable vector. Formulation (1) follows a typical
day-ahead ED model, including the power balance equation
(1b), DC power flow equation (1c), flow capacity constraint
(1d), ramping constraints (1e)-(1f), power capacity constraint
(1g), upward/downward reserve limit constraint (1h), reserve

requirements (1i), and renewable curtailment equation (1j).
We slightly abuse the notation of subscript T in sets and
variables for readability. We also defer the ESS model in
the transmission system to Section III. C with a generalized
formulation. Note that we adopt the DC power flow to increase
the proposed model’s compatibility with the current ISO’s
practice [27]. In the objective function (1a), the first-stage
cost contains the power generation cost and energy storage
system (ESS) degradation cost, and the renewable curtailment
cost and load shedding cost remain in the second stage. It is
natural to regard the first stage as a normal market clearing
and the second stage as an ex post adjustment during the
operation. Though we utilize linear cost coefficients in the
objective for showcase, it could adapt to more practical designs
such as the quadratic cost curve and more sophisticated ESS
degradation processes, which is out of the scope of this study
and requires unique treatments in the decentralization process.
In this case, the upstream agent features two-stage stochastic
linear programming.

B. Downstream Agent Problem: Multi-Energy Hub

The downstream agent solves a distribution ED problem
capturing DER-level uncertainties. However, the synergy be-
tween electric power, gas, and heat energies far complicates
the problem than the upstream agent.

D := min
xD

CDg (pDg,h) + CDe (pDe,h)+

sup
PD∈AD

EPD
{

min
yD

CDr (bDr,h) + CD` (sD`,h)
}
, (2a)

subject to

Constraints (3a)-(3n), (4a)-(4g), (5a)-(5h), (6a)-(6f), (2b)

where

CDg (pDg,h) =
∑

h

[∑

gD

CDg p
D
g,h +

∑

ag

Caua,h +
∑

tg

Ctgptg,h

]
,

CDe (pDe,h) =
∑

h

[∑

eD

CDe (cDe,h + dDe,h) +
∑

ae

Cae(cae,h + dae,h)
]
,

CDr (bDg,h) =
∑

h

∑

rD

CDr b
D
r,h, and

CD` (sD`,h) =
∑

h

[∑

`D

CD` s
D
`,h +

∑

a`

Ca`sa`,h

]

denote the production costs (including power generation cost,
gas procurement cost, and combined heat and power (CHP)
generation cost), multi-energy ESS degradation costs, DER
curtailment costs, and multi-energy load shedding costs, re-
spectively. Note that the first stage and second stage follow
the same structure as in the upstream agent with a similar
ambiguity set construction, which will be detailed in Section
III. D. Based on different energy systems’ characteristics, we
sectionalize the constraint space for electric power, natural gas,
and heat systems as follows. Besides, note that the convexifi-
cation of multi-energy network flow models is necessary for
finding a convergent solution, yet retains exactness, which has
been corroborated in various studies [5], [28], [29].
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1) Electric Power Distribution Network: We cast the
SOCP-based AC branch flow model [5] in the power distribu-
tion system with generation constraints.

PD,min
g ≤ pDg,h ≤ PD,max

g , ∀gD,∀h, (3a)

PD,min
g + bD,↓g,h ≤ pDg,h ≤ PD,max

g + bD,↑g,h , ∀gD,∀h, (3b)

pDg,h − pDg,h−1 ≤ RUDg , ∀gD,∀h, (3c)

pDg,h−1 − pDg,h ≤ RDDg , ∀gD,∀h, (3d)

bDr,h = P̃Dr,h − pDr,h, ∀rD,∀h, (3e)

0 ≤ yDnl,h ≤ Y D,max
nl ∀(nD, lD) ∈ L,∀h, (3f)

(pDnl,h)2 + (qDnl,h)2 ≤ yDnl,hvl,h, ∀(nD, lD) ∈ L,∀h, (3g)

∑

gD

bD,↓g,h ≥ B
D,↓
h ;

∑

gD

bD,↑g,h ≥ B
D,↑
h ∀h, (3h)

∀nD,∀h :

pDn,h =
∑

k:n→k
pDnk,h −

∑

j:j→n
(pDnj,h −RnjyDnj,h), (3i)

qDn,h =
∑

k:n→k
qDnk,h, −

∑

j:j→n
(qDnj,h −Xnjy

D
nj,h), (3j)

vn,h − vl,h = (R2
nl +X2

nl)y
D
nl,h − 2(Rnlp

D
nl,h +Xnlq

D
nl,h),

(3k)

pDn,h =
∑

gD∈A(nD)

pDg,h +
∑

ag∈A(nD)

pag,h

+
∑

tg∈A(nD)

ptg,h +
∑

rD∈A(nD)

pDr,h +
∑

eD∈A(nD)

pDe,h

−
∑

`D∈A(nD)

{
PD`,h − sD`,h

}
, (3l)

qDn,h =
∑

gD∈A(nD)

qDg,h +
∑

ag∈A(nD)

qag,h +
∑

tg∈A(nD)

qtg,h

+
∑

rD∈A(nD)

qDr,h −
∑

`D∈A(nD)

QD`,h, (3m)

V min
n ≤ vn,h ≤ V max

n . (3n)

The power distribution model constrains power capacity (3a),
reserve capacity (3b), ramp capability (3c)-(3d), renewable
curtailment (3e), current flow (3f)-(3g), reserve requirement
(3h), AC power flow with an active and reactive power balance
(3i)-(3m), and nodal voltage (3n). We assume the distribution
network operates in normal conditions with radiality. Note that
we consider neither reactive power support from ESSs nor
reactive power exchange in the boundary node for simplicity.

2) Natural Gas Distribution Network: We adopt the SOCP-
based Weymouth equation in the gas network model.

Wmin
an ≤ wan,h ≤Wmax

an , ∀an, ∀h, (4a)

ua,h ≤ Umax
a,h , ∀a,∀h, (4b)

wan,h ≤ γc · wak,h, ∀(an, ak) ⊆ c,∀h, (4c)

Umin
af ≤ uaf,h ≤ Umax

af , ∀af, ∀h, (4d)

(1− αc)ucm,inaf,h = ucm,outaf,h , ∀c ∈ af, ∀h, (4e)

u2
af,h ≤ θaf ·

(
w2
an,h − w2

al,h

)
, ∀an ⊆ af, ∀h, (4f)

∑

a∈A(an)

ua,h +
∑

af∈N(an)

uaf,h −
∑

af∈S(an)

uaf,h

+
∑

af∈N(an)

ucm,inaf,h −
∑

a∈S(an)

ucm,outaf,h +
∑

ae∈A(an)

uae,h

=
∑

a`∈A(an)

(
Ua`,h − sa`,h

)
+

∑

ag∈A(an)

pag,h · βag,

∀an,∀h, (4g)

The gas distribution model constrains nodal gas pressure
(4a), gas well procurement (4b), compressor ratio (4c), gas
flow limit (4d), compressor in/out flow (4e), SOCP-relaxed
Weymouth equation (4f), and gas load balance (4g). Note
that we follow the approximation in [28] for linearizing the
nonconvex model of the gas compressor.

3) Heat Distribution Network: We consider a linear VTCF
heat network model with guaranteed accuracy [29] as follows.

hStg,h = CtM
s
tg,h(τsStg,h − τrStg,h), ∀tg,∀h, (5a)

HL
t`,h = CtM

L
t`,h(τsLt`,h − τrLt`,h), ∀t`,∀h, (5b)

τsf,rtf,h = (τsf,stf,h − Th)e
− λtfKtf

CtM
f,s
tf,h + Th, ∀tf, ∀h, (5c)

τrf,rtf,h = (τrf,stf,h − Th)e
− λtfKtf

CtM
f,r
tf,h + Th, ∀tf, ∀h, (5d)

∀tn, ∀h :∑

tf∈N(tn)

Mf,s
tf,h +

∑

t∈A(tn)

MS
t,h =

∑

tf∈S(tn)

Mf,s
tf,h +

∑

t`∈A(tn)

ML
t`,h,

(5e)∑

tf∈N(tn)

Mf,r
tf,h +

∑

t`∈A(tn)

ML
t`,h =

∑

tf∈S(tn)

Mf,r
tf,h +

∑

t∈N(tn)

MS
t,h,

(5f)∑

tf∈N(tn)

τsf,rtf,hM
f,s
tf,h +

∑

t∈A(tn)

τsSt,hM
S
t,h =

τsmixtn,h

( ∑

tf∈N(tn)

Mf,s
tf,h +

∑

t∈A(tn)

MS
t,h

)
, (5g)

∑

tf∈S(tn)

τrf,rtf,hM
f,s
tf,h +

∑

t`∈A(tn)

τrLt`,hM
L
t`,h

= τrmixtn,h

( ∑

tf∈S(tn)

Mf,s
tf,h +

∑

t`∈A(tn)

ML
t`,h

)
, (5h)

with the heat pipeline loss defined as

∆Ltf,h = CtM
f,s
tf,h(τsf,rtf,h − τs

f,s
tf,h)

, λtfKtf (τsf,stf,h − Th).

The heat network model follows a typical VTCF formulation
constraining the thermal energy conversion with temperature
(5a)-(5b), confluence nodal temperatures (5c)-(5d), mass flow
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balance (5e)-(5f), and heat inlet/outlet flow-temperature (5g)-
(5h). We perform a heuristic two-step hydraulic-thermal de-
composition to fix the mass flow rate M and hence reduce the
heat network model to a linear formulation, which reportedly
maintains accuracy. We refer to [29] for detailed descriptions
of the heuristic and the derivation of (5). Note that, unlike the
power and gas system, formulating the heat system dynamics
in (5) maintains the computational tractability while providing
a more accurate representation of the network. Besides, the
acceptably accurate representation and excellent solvability
of the VTCF model underly the motivation for using it in
the proposed coordinated energy hub analysis. For the CHP
operations, we adopt the convex polyhedron to model CHP
heat and power curves as discussed in our previous work [30],
which retains model convexity and is omitted here.

C. Energy Storage Operations

As the proposed framework considers the power ESS
(PESS) in transmission and distribution systems and the gas
ESS (GESS) in distribution systems, we discuss the ESS model
with a general formulation, i.e., p(T ,D)

e,h = {pTe,h, pDe,h, uae,h}.

p
(T ,D)
e,h = d

(T ,D)
e,h − c(T ,D)

e,h , ∀e(T ,D),∀h, (6a)

Ch(T ,D)
e ≤ c(T ,D)

e,h ≤ Ch(T ,D)

e , ∀e(T ,D),∀h, (6b)

Dh(T ,D)
e ≤ d(T ,D)

e,h ≤ Dh(T ,D)

e , ∀e(T ,D),∀h, (6c)

soc
(T ,D)
e,h − (1− LR(T ,D)

e )soc
(T ,D)
e,h−1

= c
(T ,D)
e,h · η(T ,D)

e − d(T ,D)
e,h /η(T ,D)

e , ∀e(T ,D),∀h, (6d)

SOC
(T ,D)
e,h ≤ soc(T ,D)

e,h ≤ SOC(T ,D)

e,h , ∀e(T ,D),∀h, (6e)

SOC
(T ,D)
e,0 = soc

(T ,D)
e,H , ∀e(T ,D), (6f)

which includes ESS power equations (6a), charge/discharge
limits (6b)-(6c), state-of-charge (SOC) equations (6d), SOC
limits (6e), and SOC consistency requirements (6f). Note that
it is not necessary to include the binary exclusiveness for
battery charging/discharging since it could be achieved by the
efficiency implementation and ESS operation price [31].

D. Ambiguity Set Construction

The uncertainty studied in this work includes the variable
renewable energy, while it could seamlessly extend to other
uncertainties such as load and price. We employ the Wasser-
stein distance for the ambiguity set construction. Note that it
works for both transmission and distribution systems. Consider
the uncertain renewable output P̃r,h has a series of historical
observations {P̂ 1

r,h, P̂
2
r,h, ...P̂

E
r,h}. Given the compact support

space Ξ = {P̃r,h ∈ R+}, whose σ-algebra contains the true
and empirical renewable generation probability distributions,
i.e., P,PE ∈ P(Ξ), we define the Wasserstein metric as

Dw(P,PE) := inf
Π

{∫
‖P̃r,h, P̂Er,h‖Π(dP̃r,h, dP̂

E
r,h)
}
,

where Π denotes the joint probability distribution. Then we
construct the ambiguity set as

A :=
{
P ∈ P(Ξ)|Dw(P,PE) ≤ φ(E)

}
,

where φ(E) is a tunable Wasserstein ball radius and PE
serves as the centroid of A. It is crucial that φ(E) controls
the conservativeness of the ambiguity set and we follow an
improved criterion for its selection [32], i.e.,

φ(E) = C

√
1

E
ln

1

1− κ,

where κ is the confidence level, for which we typically use
95% in this study, and C is a scalar obtained by using the
bisection search method [32] to solve

C = inf
ρ≥0

2

√
1

2ρ

[
1 + ln

(
E{eρ‖P̂Er,h−M(P̂Er,h)‖}

)]
,

where M(P̂Er,h) denotes the mean value of observations.

III. T&D DECENTRALIZATION AND SOLUTION STRATEGY

The proposed distributionally robust T&D problem indicates
a multi-agent and multi-objective optimization, which is hard
to solve as each agent presents a two-stage DRO problem
with independent ambiguity sets for uncertainties. In this
section, we delineate how we solve the individual subproblem
via the tailored C&CG method and decentralize the overall
coordination problem using the AAL algorithm.

A. DRO Subproblem Reformulation and Solution

As linear programming is a special case of SOCP, we give
a compact form for both (1) and (2) with uncertainty ω and
without T&D superscripts as follows.

∀T ,∀D : min
x

c>x + sup
ω∈A

Eω{Q(y,ω)}, (7a)

subject to

‖Ax + By + k‖2 ≤ q>x + p>y + h, (7b)

Q(y,ω) = min
y

d>y, (7c)

Ex + Fy + Gω ≤m, (7d)

where (7b) and (7d) constrain the first- and second-stage
problems. We first reformulate the Wasserstein metric as

Dw(P,PE) = inf
Π

{∫

ω

‖ω,ωE‖Π(dω, dωE)
}
,

= inf
P

{∫

ω

Eω‖ω,ωE‖P(dω)
}
, (8)

where P(dω) denotes the probability distribution when ω
falls in the centroid of A, given the conditional distribution
Π(dω, dωE) = E{P(dω)}. Based on (8), we rewrite the
second stage with the ambiguity set as a semi-infinite program

sup
ω∈A

Eω{Q(y,ω)} = max
P(dω)

∫

ω

Eω
{
Q(y,ω) · P(dω)

}
,

(9a)

subject to
∫

ω

P(dω) = 1 : µω, (9b)
∫

ω

Eω
{
‖ω,ωE‖

}
P(dω) ≤ φ(E) : ζ. (9c)
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Initialization

<latexit sha1_base64="fng5K88leqiYmvwUdGO4X/7K3K8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoseCF48V7Ae0oWy2m3bpZhN3J5US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k795ohrI2L1gOOE+xHtKxEKRtFKvuhIHiLVOn4ibrdUdivuDGSZeDkpQ45at/TV6cUsjbhCJqkxbc9N0M+oRsEknxQ7qeEJZUPa521LFY248bPZ0RNyapUeCWNtSyGZqb8nMhoZM44C2xlRHJhFbyr+57VTDG/8TKgkRa7YfFGYSoIxmSZAekJzhnJsCWVa2FsJG1BNGdqcijYEb/HlZdK4qHhXFff+slw9z+MowDGcwBl4cA1VuIMa1IHBIzzDK7w5I+fFeXc+5q0rTj5zBH/gfP4AepiR1Q==</latexit>

i 0 <latexit sha1_base64="LVFRv6uAv7cIOZw5bo+43TFKZL0=">AAACJXicbVDLSgMxFM3UV62vUZdugq3gQspMQXTholIXLivYB3RqyWTSNjSTDElGKMP8jBt/xY0Liwiu/BUzbRFtvRByOOde7rnHjxhV2nE+rdzK6tr6Rn6zsLW9s7tn7x80lYglJg0smJBtHynCKCcNTTUj7UgSFPqMtPxRLdNbj0QqKvi9HkekG6IBp32KkTZUz77yuKA8IFzDmuBKyxhrWPJCpIcYseQ6fUg8X7BAjUPzJT/CTZqmpZ5ddMrOtOAycOegCOZV79kTLxA4Ds06zJBSHdeJdDdBUlPMSFrwYkUihEdoQDoGchQS1U2mV6bwxDAB7AtpnrE7ZX9PJChUmU3TmblUi1pG/qd1Yt2/7CaUR7EmHM8W9WMGtYBZZDCgkmDNxgYgLKnxCvEQSYS1CbZgQnAXT14GzUrZPS87d5Vi9WweRx4cgWNwClxwAargFtRBA2DwBF7AG5hYz9ar9W59zFpz1nzmEPwp6+sb/BqmuQ==</latexit>

Construct AD
<latexit sha1_base64="hD4qBmetJ7DBP51le9GuuGzClY0=">AAACCXicbVDLSsNAFL3xWesr6tLNYBFcSElE0WVBFy4r2Ac0oUwmk3boZBJmJkIJ3brxV9y4UMStf+DOv3HSZqGtF4Y5nHMv99wTpJwp7Tjf1tLyyuraemWjurm1vbNr7+23VZJJQlsk4YnsBlhRzgRtaaY57aaS4jjgtBOMrgu980ClYom41+OU+jEeCBYxgrWh+jbyokRizpEXJDxU49h8uRdjPSSY5zeTSd+uOXVnWmgRuCWoQVnNvv3lhQnJYio04Vipnuuk2s+x1IxwOql6maIpJiM8oD0DBY6p8vPpJRN0bJgQGUvmCY2m7O+JHMeqMGk6C49qXivI/7RepqMrP2cizTQVZLYoyjjSCSpiQSGTlGg+NgATyYxXRIZYYqJNeFUTgjt/8iJon9Xdi7pzd15rnJZxVOAQjuAEXLiEBtxCE1pA4BGe4RXerCfrxXq3PmatS1Y5cwB/yvr8AY/mmtI=</latexit>8D

<latexit sha1_base64="PzdKa3FTv+27OVvWLpQS5qL54tw="></latexit>

Apply C&CG to solve
(10) for T with (13a)

<latexit sha1_base64="cR6PV8LmwkPkqOAuEoUM1A+WPw0="></latexit>

Apply C&CG to solve
(10) for D with (13b)

<latexit sha1_base64="WwHfx1L+UEvTGcN26g/d5LViIsg=">AAACJXicbVDLSgMxFM3UV62vUZdugq3gQspMQXThotKNywp9QaeWTCZtQzPJkGSEMszPuPFX3LiwiODKXzHTFtHWCyGHc+7lnnv8iFGlHefTyq2tb2xu5bcLO7t7+wf24VFLiVhi0sSCCdnxkSKMctLUVDPSiSRBoc9I2x/XMr39SKSigjf0JCK9EA05HVCMtKH69o3HBeUB4RrWBFdaxljDkhciPcKIJbfpQ+L5ggVqEpov+REaaZqW+nbRKTuzgqvAXYAiWFS9b0+9QOA4NOswQ0p1XSfSvQRJTTEjacGLFYkQHqMh6RrIUUhUL5ldmcIzwwRwIKR5xu6M/T2RoFBlNk1n5lItaxn5n9aN9eC6l1AexZpwPF80iBnUAmaRwYBKgjWbGICwpMYrxCMkEdYm2IIJwV0+eRW0KmX3suzcV4rVi0UceXACTsE5cMEVqII7UAdNgMETeAFvYGo9W6/Wu/Uxb81Zi5lj8Kesr28UqabJ</latexit>

Construct AT

<latexit sha1_base64="nK4CJCnbXRmTxrlzkBS0rjL+JFA=">AAAB8nicbVBNS8NAEN34WetX1aOXxSL0VBJR9Fjw4kkr2A9oQ9lsJ+3SzSbsTsQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB0PfVbj6CNiNUDjhPwIzZQIhScoZU6XYQnDMLs9m7SK5XdqjsDXSZeTsokR71X+ur2Y55GoJBLZkzHcxP0M6ZRcAmTYjc1kDA+YgPoWKpYBMbPZidP6KlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzr9n/aFBo5ybAnjWthbKR8yzTjalIo2BG/x5WXSPKt6F1X3/rxcq+RxFMgxOSEV4pFLUiM3pE4ahJOYPJNX8uag8+K8Ox/z1hUnnzkif+B8/gCBPZFQ</latexit>

NO
<latexit sha1_base64="Rb9prvh5b24Hb2z82j4gKmpQdiE=">AAACHHicbVDLSgMxFM34rONr1KWbYCu4kDJTEd1Z6MZlBfuAzlAymUwbmkmGJCOUoR/ixl9x40IRNy4E/8ZM24W2Xgg5nHMv99wTpowq7brf1srq2vrGZmnL3t7Z3dt3Dg7bSmQSkxYWTMhuiBRhlJOWppqRbioJSkJGOuGoUeidByIVFfxej1MSJGjAaUwx0obqOxc+F5RHhGvYGBI8gjT2fbvih4JFapyYL/dbqaJM8EkFDgv2pu+U3ao7LbgMvDkog3k1+86nHwmcJWYLZkipnuemOsiR1BQzMrH9TJEU4REakJ6BHCVEBfn0uAk8NUwEYyHNMy6n7O+JHCWqcGo6E6SHalEryP+0Xqbj6yCnPM004Xi2KM4Y1AIWScGISoI1GxuAsKTGK8RDJBHWJk/bhOAtnrwM2rWqd1l172rl+vk8jhI4BifgDHjgCtTBLWiCFsDgETyDV/BmPVkv1rv1MWtdseYzR+BPWV8/hIOhkQ==</latexit>

Check if
⌥ holds?

End

<latexit sha1_base64="gTkzZE8bxjOoYtXUtil1HKJaIzI="></latexit>

Update

xT
i+1 = xT

i + ◆(x̂T
i+1 � xT

i )

<latexit sha1_base64="/87Kw4Jd4cQGra4Aiz5tj/GMTRo="></latexit>

Update

xD
i+1 = xD

i + ◆(x̂D
i+1 � xD

i )
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YES

<latexit sha1_base64="G0/YO1cber28na7msfK5NzFHYpc="></latexit>

Send x̂ D
C,i

<latexit sha1_base64="ez8RSEpyblfrQBYFBWQjJ4iq2vA="></latexit>

Obtain x̂T
i+1, x̂T

C,i+1

<latexit sha1_base64="swiON0RdzCHl2hGtwJQzGpb20lY="></latexit>

Obtain x̂D
i+1, x̂D

C,i+1

<latexit sha1_base64="URRpd8AZnI7ic11fFDX2mc1seOw="></latexit>

Se
nd

x̂
T
C,i

<latexit sha1_base64="ZSujlXa7B5UaRMmLBjI445fRS3o="></latexit>

i = i + 1. Update

�D
i+1 = �D

i + ⌫◆(x̂T
C,i � x̂D

C,i)
<latexit sha1_base64="KHufYQRmfRyPEeVSMjMcczMhayg="></latexit>

⌥ :=

⇢
kx(T ,D)

i � x̂
(T ,D)
i k  "1

kx̂T
C,i � x̂D

C,ik  "2
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Uncertainty
Modeling

<latexit sha1_base64="Pfzn1UDceN/YPEcqtg81craDhYM=">AAACHXicdVDJSgNBEO2JW4zbqEcvjUHIKcwEQzwGRNBbBLNAJoSeTk3SpKdn6O6RhCE/4sVf8eJBEQ9exL+xsyiuDwoer6qoV8+POVPacd6szNLyyupadj23sbm1vWPv7jVUlEgKdRrxSLZ8ooAzAXXNNIdWLIGEPoemPzyd9pvXIBWLxJUex9AJSV+wgFGijdS1jz0KQoNkoo89DSPtB+mFCCIZzgYm2PM+9bMRHRDRh0nXzjvFsluqOA7+TdyiM0MeLVDr2i9eL6JJaE5RTpRqu06sOymRmlEOk5yXKIgJHZI+tA0VJATVSWffTfCRUXrYWDIlNJ6pXzdSEio1Dn0zaUwP1M/eVPyr1050cNJJmYgTDYLODwUJxzrC06hwj0mgmo8NIVQy4xWbACShJi+VMyF8fIr/J41S0S0XnctSvlpYxJFFB+gQFZCLKqiKzlEN1RFFN+gOPaBH69a6t56s5/loxlrs7KNvsF7fAZiNo2Y=</latexit>

Information
Exchange
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Local
Operations

<latexit sha1_base64="Knayl3wYZOgqnYRgBJIOXBiqZxk="></latexit>
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Fig. 1. Decentralized solution workflow by the C&CG-embedded AAL.

As problem (9) is always bounded with finite observations of
ω, it is equivalent to dualize (9a) and replace the second stage
problem, which yields

min
x,µω,ζ,δω

c>x + Eω
{
µω + ζ · φ(E)

}
, (10a)

subject to

‖Ax + By + k‖2 ≤ q>x + p>y + h, (10b)
‖δω‖∞ ≤ ζ, (10c)

µω ≥ max
ω

{
Q(y,ω)− δ>ω(ω − ωE)

}
, (10d)

Q(y,ω) = min
y

{
d>y

}
, (10e)

Ex + Fy + Gω ≤m, (10f)

where the auxiliary variable δω is introduced to bound the
dual norm [33]. We could efficiently solve problem (10) via
the C&CG algorithm tailored in [34]. Note that we place the
SOCP constraints in the first stage to generate an exact lower-
bounding affine cut from the second stage, which accelerates
the optimal searching of the algorithm.

B. Decentralized T&D Information Exchange

After each DRO-based subproblem is solved, we present
a more general form for the revisited master problem in the
C&CG method upon convergence as

∀T ,∀D : min
x
F(x,xC), (11a)

subject to

G(x,xC) ≤ 0, (11b)
H(x,xC) = 0, (11c)

where xC denotes the common variables shared in the T&D
coordination, e.g., power injection at the boundary node.
Consider a centralized model including all agents’ operations,

min
x∈Ψ

F T (xT ,xTC) +
∑

D
FD(xD,xDC), (12a)

subject to

xTC = xDC , (12b)

where Ψ describes the T&D feasible region and (12b) uni-
fies the common variables. It is straightforward to write the
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Case 1: 13-node PDN + 7-node GDN 
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Fig. 1. Topology of the test system. 

 

y PDN Parameters: (Base Vale, voltage 10kV, power 1 MW) 
 

The voltage limit of each node is 0.9~1.1 p.u. 
 

Table I. Parameters of DGs 
No Node Pmax (MW) Pmin(MW) Qmax(MW) Qmin(MW) a ($/(MW)2) b ($/MW) c ($) Efficiency Type 
1 1 4.5 0 3 -3 0.11 5 150 - non-gas 
2 2 3 0 1.5 -1.5 - - - 0.45 gas 
3 7 3 0 2 -2 - - - 0.4 gas 

 

Table II. Parameters of Feeders 
No. From To X (p.u.) R (p.u.) B (p.u.) Current (A) 
1 1 2 0.001927903 0.000656271 0.119318212 500 
2 2 5 0.000559393 0.000356356 0.026984765 500 
3 5 6 0.000385495 0.000376092 0.013255538 500 
4 2 3 0.000559393 0.000356356 0.026984765 500 
5 3 4 0.000895029 0.00057017 0.035348101 500 
6 2 7 0.001927903 0.000656271 0.119318212 500 
7 7 8 0.000385495 0.000376092 0.013255538 500 
8 8 9 0.000385495 0.000376092 0.013255538 500 

 
Table III. Parameters of Load Demand 

Hour 1 2 3 4 5 6 7 8 9 10 11 12 
Active 
(MW) 3.284 3.096 2.965 2.89 2.909 3.003 3.246 3.565 3.847 4.072 4.279 4.429 

Reactive 
(MW) 1.986 1.873 1.793 1.748 1.759 1.816 1.963 2.156 2.326 2.463 2.587 2.678 

Hour 13 14 15 16 17 18 19 20 21 22 23 24 
Active 
(MW) 4.541 4.56 4.654 4.785 4.804 4.616 4.598 4.447 4.447 4.26 3.772 3.678 

Reactive 
(MW) 2.746 2.758 2.814 2.894 2.905 2.792 2.78 2.69 2.69 2.576 2.281 2.224 
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demonstrate the efficacy of presented method and the benefit
ITES system brings. The medium-sized system, based on
which Case IV is constructed, is of practical scale with 33
electricity buses and 21 heat nodes. This case is used to
investigate the computation efficiency of the presented method.
The topology of two systems are presented in Fig.5 and Fig.6,
respectively, and the data can be found in [42].
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The outlines of all cases are given below.
• Case I: This case is constructed based on the small-sized

system, where peak solar generation appears at period
15, accounting for 80.76% of total electricity demand at
that period. The MFR deviation caused by ITES system
will be balanced by the only CHP unit. Accordingly, the
injected MFRs of node 1 and 2, the MFRs in pipeline 1-
2 varies when ITES changes operation state. The system
is simulated with 24 dispatching periods without and
with ITES system (denoted as N-TES and Y-TES, re-
spectively). In the simulation, CDPG

i,t =$1.5/KWh (∀i, ∀t),
KHC

i = T SL
i = T SR

i = 3 (∀i) and MIPgap in Gurobi is
set to 0.01%.

• Case II: Parameters in this case are the same as Case I,
however, with all non-convex terms reserved to show the
efficiency of the presented method.

• Case III: This case is modified based on Case I, where
electricity load is set to 1.6× of Case I at each period.

• Case IV: This case is constructed based on the medium-
sized system.

A. Case I
As shown in Table I, the problem is successfully solved with

0.27 and 26.41 seconds for N-TES and Y-TES, respectively.
The cost reduction by incorporating ITES system is 2.20%,
which demonstrates the benefit of decrease operation cost by
introducing ITES.

TABLE I
COMPUTATION RESULTS FOR CASE I TO CASE III

Case Cost($) Cost Reduction(%) Time(s)

Case I
N-TES 6,108.22

2.20
0.27

Y-TES 5,973.74 26.41
Case II Y-TES — — Failed

Case III
N-TES —

—
Infeasible

Y-TES 9,316.17 7.90

The voltage magnitudes and second-order cone relaxation
(SOCR) gaps for (75), i.e. |lij,tvi,t − p2

ij,t − q2
ij,t| (∀i, ∀t),

are presented in Fig.7, demonstrating EDN works in secure
condition and the convex relaxation technique employed to
solve the problem is still effective.

Fig. 7. Voltage level of EDN and computed SOCR gaps (CASE I)

Fig. 8. Heat power balance (CASE I).

The heat power balance, terminal or internal temperatures of
different heat equipment are presented in Fig.8 and Fig.9. For
Y-TES, the ITES system operates as heat load during valley
periods (period 1-3), and as heat source during period 11-13
when system heat load reaches peak values. Considering that
the cost function of CHP unit is strictly convex, the load shift
via ITES system therefore leads to the cost reduction. The
results also show that the terminal temperatures of CHP unit
during period 1-3 are significantly higher for Y-TES. This is
because the temperature of inlet water must be higher than
the internal temperature of ITES system to make the charging
process physically viable, which is realized by imposing (19)-
(20) in the formulation.

The nodal temperatures at period 3 and 11, when ITES
system operates as heat load and heat source respectively are
presented in Fig. 10. Obviously, nodal temperatures are much
higher in period 3 due to increased terminal temperatures of
CHP unit as shown in Fig.9.

The dispatched solar generations for N-TES and Y-TES are
also presented in Fig.11 (right-hand side). It is clearly showed
that more solar generation is accommodated at period 11-13,
thus leading to effective greenhouse gas (GHG) reduction. To
investigate how more solar generation is accommodated, the
lower bound (LB) and upper bound (UB) of CHP unit’s capa-
bility to generate electric power are presented in Fig.11 (left-
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demonstrate the efficacy of presented method and the benefit
ITES system brings. The medium-sized system, based on
which Case IV is constructed, is of practical scale with 33
electricity buses and 21 heat nodes. This case is used to
investigate the computation efficiency of the presented method.
The topology of two systems are presented in Fig.5 and Fig.6,
respectively, and the data can be found in [42].
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• Case II: Parameters in this case are the same as Case I,
however, with all non-convex terms reserved to show the
efficiency of the presented method.
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As shown in Table I, the problem is successfully solved with
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which demonstrates the benefit of decrease operation cost by
introducing ITES.
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are presented in Fig.7, demonstrating EDN works in secure
condition and the convex relaxation technique employed to
solve the problem is still effective.

Fig. 7. Voltage level of EDN and computed SOCR gaps (CASE I)

Fig. 8. Heat power balance (CASE I).

The heat power balance, terminal or internal temperatures of
different heat equipment are presented in Fig.8 and Fig.9. For
Y-TES, the ITES system operates as heat load during valley
periods (period 1-3), and as heat source during period 11-13
when system heat load reaches peak values. Considering that
the cost function of CHP unit is strictly convex, the load shift
via ITES system therefore leads to the cost reduction. The
results also show that the terminal temperatures of CHP unit
during period 1-3 are significantly higher for Y-TES. This is
because the temperature of inlet water must be higher than
the internal temperature of ITES system to make the charging
process physically viable, which is realized by imposing (19)-
(20) in the formulation.

The nodal temperatures at period 3 and 11, when ITES
system operates as heat load and heat source respectively are
presented in Fig. 10. Obviously, nodal temperatures are much
higher in period 3 due to increased terminal temperatures of
CHP unit as shown in Fig.9.

The dispatched solar generations for N-TES and Y-TES are
also presented in Fig.11 (right-hand side). It is clearly showed
that more solar generation is accommodated at period 11-13,
thus leading to effective greenhouse gas (GHG) reduction. To
investigate how more solar generation is accommodated, the
lower bound (LB) and upper bound (UB) of CHP unit’s capa-
bility to generate electric power are presented in Fig.11 (left-
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demonstrate the efficacy of presented method and the benefit
ITES system brings. The medium-sized system, based on
which Case IV is constructed, is of practical scale with 33
electricity buses and 21 heat nodes. This case is used to
investigate the computation efficiency of the presented method.
The topology of two systems are presented in Fig.5 and Fig.6,
respectively, and the data can be found in [42].
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that period. The MFR deviation caused by ITES system
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2 varies when ITES changes operation state. The system
is simulated with 24 dispatching periods without and
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electricity load is set to 1.6× of Case I at each period.
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As shown in Table I, the problem is successfully solved with
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The cost reduction by incorporating ITES system is 2.20%,
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introducing ITES.
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condition and the convex relaxation technique employed to
solve the problem is still effective.
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The heat power balance, terminal or internal temperatures of
different heat equipment are presented in Fig.8 and Fig.9. For
Y-TES, the ITES system operates as heat load during valley
periods (period 1-3), and as heat source during period 11-13
when system heat load reaches peak values. Considering that
the cost function of CHP unit is strictly convex, the load shift
via ITES system therefore leads to the cost reduction. The
results also show that the terminal temperatures of CHP unit
during period 1-3 are significantly higher for Y-TES. This is
because the temperature of inlet water must be higher than
the internal temperature of ITES system to make the charging
process physically viable, which is realized by imposing (19)-
(20) in the formulation.

The nodal temperatures at period 3 and 11, when ITES
system operates as heat load and heat source respectively are
presented in Fig. 10. Obviously, nodal temperatures are much
higher in period 3 due to increased terminal temperatures of
CHP unit as shown in Fig.9.

The dispatched solar generations for N-TES and Y-TES are
also presented in Fig.11 (right-hand side). It is clearly showed
that more solar generation is accommodated at period 11-13,
thus leading to effective greenhouse gas (GHG) reduction. To
investigate how more solar generation is accommodated, the
lower bound (LB) and upper bound (UB) of CHP unit’s capa-
bility to generate electric power are presented in Fig.11 (left-
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y PDN Parameters: (Base Vale, voltage 10kV, power 1 MW) 
 

The voltage limit of each node is 0.9~1.1 p.u. 
 

Table I. Parameters of DGs 
No Node Pmax (MW) Pmin(MW) Qmax(MW) Qmin(MW) a ($/(MW)2) b ($/MW) c ($) Efficiency Type 
1 1 4.5 0 3 -3 0.11 5 150 - non-gas 
2 2 3 0 1.5 -1.5 - - - 0.45 gas 
3 7 3 0 2 -2 - - - 0.4 gas 

 

Table II. Parameters of Feeders 
No. From To X (p.u.) R (p.u.) B (p.u.) Current (A) 
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demonstrate the efficacy of presented method and the benefit
ITES system brings. The medium-sized system, based on
which Case IV is constructed, is of practical scale with 33
electricity buses and 21 heat nodes. This case is used to
investigate the computation efficiency of the presented method.
The topology of two systems are presented in Fig.5 and Fig.6,
respectively, and the data can be found in [42].
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The outlines of all cases are given below.
• Case I: This case is constructed based on the small-sized

system, where peak solar generation appears at period
15, accounting for 80.76% of total electricity demand at
that period. The MFR deviation caused by ITES system
will be balanced by the only CHP unit. Accordingly, the
injected MFRs of node 1 and 2, the MFRs in pipeline 1-
2 varies when ITES changes operation state. The system
is simulated with 24 dispatching periods without and
with ITES system (denoted as N-TES and Y-TES, re-
spectively). In the simulation, CDPG

i,t =$1.5/KWh (∀i, ∀t),
KHC

i = T SL
i = T SR

i = 3 (∀i) and MIPgap in Gurobi is
set to 0.01%.

• Case II: Parameters in this case are the same as Case I,
however, with all non-convex terms reserved to show the
efficiency of the presented method.

• Case III: This case is modified based on Case I, where
electricity load is set to 1.6× of Case I at each period.

• Case IV: This case is constructed based on the medium-
sized system.

A. Case I
As shown in Table I, the problem is successfully solved with

0.27 and 26.41 seconds for N-TES and Y-TES, respectively.
The cost reduction by incorporating ITES system is 2.20%,
which demonstrates the benefit of decrease operation cost by
introducing ITES.

TABLE I
COMPUTATION RESULTS FOR CASE I TO CASE III

Case Cost($) Cost Reduction(%) Time(s)

Case I
N-TES 6,108.22

2.20
0.27

Y-TES 5,973.74 26.41
Case II Y-TES — — Failed

Case III
N-TES —

—
Infeasible

Y-TES 9,316.17 7.90

The voltage magnitudes and second-order cone relaxation
(SOCR) gaps for (75), i.e. |lij,tvi,t − p2

ij,t − q2
ij,t| (∀i, ∀t),

are presented in Fig.7, demonstrating EDN works in secure
condition and the convex relaxation technique employed to
solve the problem is still effective.

Fig. 7. Voltage level of EDN and computed SOCR gaps (CASE I)

Fig. 8. Heat power balance (CASE I).

The heat power balance, terminal or internal temperatures of
different heat equipment are presented in Fig.8 and Fig.9. For
Y-TES, the ITES system operates as heat load during valley
periods (period 1-3), and as heat source during period 11-13
when system heat load reaches peak values. Considering that
the cost function of CHP unit is strictly convex, the load shift
via ITES system therefore leads to the cost reduction. The
results also show that the terminal temperatures of CHP unit
during period 1-3 are significantly higher for Y-TES. This is
because the temperature of inlet water must be higher than
the internal temperature of ITES system to make the charging
process physically viable, which is realized by imposing (19)-
(20) in the formulation.

The nodal temperatures at period 3 and 11, when ITES
system operates as heat load and heat source respectively are
presented in Fig. 10. Obviously, nodal temperatures are much
higher in period 3 due to increased terminal temperatures of
CHP unit as shown in Fig.9.

The dispatched solar generations for N-TES and Y-TES are
also presented in Fig.11 (right-hand side). It is clearly showed
that more solar generation is accommodated at period 11-13,
thus leading to effective greenhouse gas (GHG) reduction. To
investigate how more solar generation is accommodated, the
lower bound (LB) and upper bound (UB) of CHP unit’s capa-
bility to generate electric power are presented in Fig.11 (left-

<latexit sha1_base64="M+72VfGE3qM0OQEOA4pEyauQPIY=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4kJKIoseCF48V7Qe2oWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqOdR5LGPdCpgBKRTUUaCEVqKBRYGEZjC8nvjNR9BGxOoeRwn4EesrEQrO0EoPHYQnDMLsbtwtld2KOwVdJF5OyiRHrVv66vRinkagkEtmTNtzE/QzplFwCeNiJzWQMD5kfWhbqlgExs+mF4/psVV6NIy1LYV0qv6eyFhkzCgKbGfEcGDmvYn4n9dOMbzyM6GSFEHx2aIwlRRjOnmf9oQGjnJkCeNa2FspHzDNONqQijYEb/7lRdI4q3gXFff2vFw9zeMokENyRE6IRy5JldyQGqkTThR5Jq/kzTHOi/PufMxal5x85oD8gfP5A+lIkQA=</latexit>

S

<latexit sha1_base64="OuHYMt/Ku7ay+CviUN5yO8AKlvU=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBG6KokPdFnQhcsK9gFtDJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs8cP2ZUKtv+NlZW19Y3Nitb1e2d3b198+CwK6NEYNLBEYtE30eSMMpJR1HFSD8WBIU+Iz1/el34vUciJI34vUpj4oZozGlAMVJa8swaf8iGIVITjFh2k+dedpZ7Zt1u2jNYy8QpSR1KtD3zaziKcBISrjBDUg4cO1ZuhoSimJG8OkwkiRGeojEZaMpRSKSbzcLn1olWRlYQCf24smbq740MhVKmoa8ni5xy0SvE/7xBooIrN6M8ThTheH4oSJilIqtowhpRQbBiqSYIC6qzWniCBMJK91XVJTiLX14m3dOmc9G0787rrUZZRwWO4Bga4MAltOAW2tABDCk8wyu8GU/Gi/FufMxHV4xypwZ/YHz+AEFFlRM=</latexit>

nD
3

<latexit sha1_base64="nt3e4vrnrSqVuktQxhLgL6goeq4=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBG6Kon4WhZ04bKCfUAbw2Q6aYdOJmFmIoQQf8WNC0Xc+iHu/BsnbRbaemDgcM693DPHjxmVyra/jZXVtfWNzcpWdXtnd2/fPDjsyigRmHRwxCLR95EkjHLSUVQx0o8FQaHPSM+fXhd+75EISSN+r9KYuCEacxpQjJSWPLPGH7JhiNQEI5bd5LmXXeSeWbeb9gzWMnFKUocSbc/8Go4inISEK8yQlAPHjpWbIaEoZiSvDhNJYoSnaEwGmnIUEulms/C5daKVkRVEQj+urJn6eyNDoZRp6OvJIqdc9ArxP2+QqODKzSiPE0U4nh8KEmapyCqasEZUEKxYqgnCguqsFp4ggbDSfVV1Cc7il5dJ97TpnDftu7N6q1HWUYEjOIYGOHAJLbiFNnQAQwrP8ApvxpPxYrwbH/PRFaPcqcEfGJ8/RdSVFg==</latexit>

nD
6

<latexit sha1_base64="BWZOJ89KbKJXfMwyqUYtB0xlPeU=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBG6KolYdFnQhcsK9gFtDJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs8cP2ZUKtv+NtbWNza3tis71d29/YND8+i4J6NEYNLFEYvEwEeSMMpJV1HFyCAWBIU+I31/dl34/UciJI34vUpj4oZowmlAMVJa8swaf8hGIVJTjFh2k+de1so9s2437TmsVeKUpA4lOp75NRpHOAkJV5ghKYeOHSs3Q0JRzEheHSWSxAjP0IQMNeUoJNLN5uFz60wrYyuIhH5cWXP190aGQinT0NeTRU657BXif94wUcGVm1EeJ4pwvDgUJMxSkVU0YY2pIFixVBOEBdVZLTxFAmGl+6rqEpzlL6+S3nnTaTXtu4t6u1HWUYETOIUGOHAJbbiFDnQBQwrP8ApvxpPxYrwbH4vRNaPcqcEfGJ8/RE+VFQ==</latexit>

nD
5

<latexit sha1_base64="WKK0jtGK9mEDJjWvpoS+JdGjA7w=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBG6KklRdFnQhcsK9gFtDJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs8cP2ZUKtv+NtbWNza3tis71d29/YND8+i4J6NEYNLFEYvEwEeSMMpJV1HFyCAWBIU+I31/dl34/UciJI34vUpj4oZowmlAMVJa8swaf8hGIVJTjFh2k+de1so9s2437TmsVeKUpA4lOp75NRpHOAkJV5ghKYeOHSs3Q0JRzEheHSWSxAjP0IQMNeUoJNLN5uFz60wrYyuIhH5cWXP190aGQinT0NeTRU657BXif94wUcGVm1EeJ4pwvDgUJMxSkVU0YY2pIFixVBOEBdVZLTxFAmGl+6rqEpzlL6+SXqvpXDTtu/N6u1HWUYETOIUGOHAJbbiFDnQBQwrP8ApvxpPxYrwbH4vRNaPcqcEfGJ8/P8CVEg==</latexit>

nD
2

<latexit sha1_base64="QTqVfSyPdezZEqEV/dWPeJcs5bg=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvQVUlE0WVBFy4r2Ae0MUymk3boZBJmJkII8VfcuFDErR/izr9x0mahrQcGDufcyz1z/JhRqWz726isrW9sblW3azu7e/sH5uFRT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+7Lrw+49ESBrxe5XGxA3RhNOAYqS05Jl1/pCNQqSmGLHsJs+9zMk9s2G37DmsVeKUpAElOp75NRpHOAkJV5ghKYeOHSs3Q0JRzEheGyWSxAjP0IQMNeUoJNLN5uFz61QrYyuIhH5cWXP190aGQinT0NeTRU657BXif94wUcGVm1EeJ4pwvDgUJMxSkVU0YY2pIFixVBOEBdVZLTxFAmGl+6rpEpzlL6+S3lnLuWjZd+eNdrOsowrHcAJNcOAS2nALHegChhSe4RXejCfjxXg3PhajFaPcqcMfGJ8/PjuVEQ==</latexit>

nD
1

<latexit sha1_base64="8njf8hc02utaFlm0LxAiFfmHUvU=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvQVUlE0WVBFy4r2Ae0MUymk3boZBJmJkII8VfcuFDErR/izr9x0mahrQcGDufcyz1z/JhRqWz726isrW9sblW3azu7e/sH5uFRT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+7Lrw+49ESBrxe5XGxA3RhNOAYqS05Jl18ZCNQqSmGLHsJs+9zMk9s2G37DmsVeKUpAElOp75NRpHOAkJV5ghKYeOHSs3Q0JRzEheGyWSxAjP0IQMNeUoJNLN5uFz61QrYyuIhH5cWXP190aGQinT0NeTRU657BXif94wUcGVm1EeJ4pwvDgUJMxSkVU0YY2pIFixVBOEBdVZLTxFAmGl+6rpEpzlL6+S3lnLuWjZd+eNdrOsowrHcAJNcOAS2nALHegChhSe4RXejCfjxXg3PhajFaPcqcMfGJ8/RJOVFQ==</latexit>

rD
1

<latexit sha1_base64="glqrRaCzBnuC0ayI89wxz5FasGI=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EidFUSH+iyoAuXFewDmhgm02k7dPJgZiKUmIW/4saFIm79DXf+jZM2C209MHA4517umePHnEllWd9GaWl5ZXWtvF7Z2Nza3jF399oySgShLRLxSHR9LClnIW0ppjjtxoLiwOe044+vcr/zQIVkUXinJjF1AzwM2YARrLTkmQcO5fw+dQKsRgTz9DrLvPQ088yqVbemQIvELkgVCjQ988vpRyQJaKgIx1L2bCtWboqFYoTTrOIkksaYjPGQ9jQNcUClm07zZ+hYK300iIR+oUJT9fdGigMpJ4GvJ/Occt7Lxf+8XqIGl27KwjhRNCSzQ4OEIxWhvAzUZ4ISxSeaYCKYzorICAtMlK6sokuw57+8SNondfu8bt2eVRu1oo4yHMIR1MCGC2jADTShBQQe4Rle4c14Ml6Md+NjNloyip19+APj8weNWpZc</latexit>

`D
3

<latexit sha1_base64="3Rbs0vSAx1DILUGW4dwinngE07I=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EidFWSouiyoAuXFewD2hgm00k7dPJgZiKUmIW/4saFIm79DXf+jZM2C209MHA4517umePFnEllWd9GaWV1bX2jvFnZ2t7Z3TP3DzoySgShbRLxSPQ8LClnIW0rpjjtxYLiwOO0602ucr/7QIVkUXinpjF1AjwKmc8IVlpyzaMB5fw+HQRYjQnm6XWWuWkjc82qVbdmQMvELkgVCrRc82swjEgS0FARjqXs21asnBQLxQinWWWQSBpjMsEj2tc0xAGVTjrLn6FTrQyRHwn9QoVm6u+NFAdSTgNPT+Y55aKXi/95/UT5l07KwjhRNCTzQ37CkYpQXgYaMkGJ4lNNMBFMZ0VkjAUmSldW0SXYi19eJp1G3T6vW7dn1WatqKMMx3ACNbDhAppwAy1oA4FHeIZXeDOejBfj3fiYj5aMYucQ/sD4/AGL1ZZb</latexit>

`D
2

<latexit sha1_base64="WTFtfj/tEEhyt4xyKE06DLp9GkU=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eAkWoYKURCt6LHjxWKFf0Maw2W7apZtN2N0IJeTiX/HiQRGv/gxv/hs3bQ/a+mDg8d4MM/P8mFGpbPvbKKysrq1vFDdLW9s7u3vm/kFbRonApIUjFomujyRhlJOWooqRbiwICn1GOv74Nvc7j0RIGvGmmsTEDdGQ04BipLTkmUf8Ie2HSI0wYmkzy7y0cnleO8s8s2xX7SmsZeLMSRnmaHjmV38Q4SQkXGGGpOw5dqzcFAlFMSNZqZ9IEiM8RkPS05SjkEg3nT6QWadaGVhBJHRxZU3V3xMpCqWchL7uzG+Vi14u/uf1EhXcuCnlcaIIx7NFQcIsFVl5GtaACoIVm2iCsKD6VguPkEBY6cxKOgRn8eVl0r6oOldV+75WrlfmcRThGE6gAg5cQx3uoAEtwJDBM7zCm/FkvBjvxsestWDMZw7hD4zPHxnllfw=</latexit>

nT
(3,4)

<latexit sha1_base64="MAOl7FGbMUEylhLbLglR23fQhVU=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvQVUlE0WVBFy4r2Ae0MUymk3boZBJmJkII8VfcuFDErR/izr9x0mahrQcGDufcyz1z/JhRqWz726isrW9sblW3azu7e/sH5uFRT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+7Lrw+49ESBrxe5XGxA3RhNOAYqS05Jl1/pCNQqSmGLHsJs+97Dz3zIbdsuewVolTkgaU6Hjm12gc4SQkXGGGpBw6dqzcDAlFMSN5bZRIEiM8QxMy1JSjkEg3m4fPrVOtjK0gEvpxZc3V3xsZCqVMQ19PFjnlsleI/3nDRAVXbkZ5nCjC8eJQkDBLRVbRhDWmgmDFUk0QFlRntfAUCYSV7qumS3CWv7xKemct56Jl35032s2yjiocwwk0wYFLaMMtdKALGFJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AELKlRQ=</latexit>

nD
4

<latexit sha1_base64="Z/BFdS8sfYexuWsxMwyB0XVyV/A=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBG6KokodVnQhcsK9gFtDJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs8cP2ZUKtv+NtbWNza3tis71d29/YND8+i4J6NEYNLFEYvEwEeSMMpJV1HFyCAWBIU+I31/dl34/UciJI34vUpj4oZowmlAMVJa8swaf8hGIVJTjFh2k+de1so9s2437TmsVeKUpA4lOp75NRpHOAkJV5ghKYeOHSs3Q0JRzEheHSWSxAjP0IQMNeUoJNLN5uFz60wrYyuIhH5cWXP190aGQinT0NeTRU657BXif94wUcGVm1EeJ4pwvDgUJMxSkVU0YY2pIFixVBOEBdVZLTxFAmGl+6rqEpzlL6+S3nnTuWzadxf1dqOsowIncAoNcKAFbbiFDnQBQwrP8ApvxpPxYrwbH4vRNaPcqcEfGJ8/R1mVFw==</latexit>

nD
7

<latexit sha1_base64="lo4QVfIuY6fuzwEj786FMt6B3Fk=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBG6KokodlnQhcsK9gFtDJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs8cP2ZUKtv+NtbWNza3tis71d29/YND8+i4J6NEYNLFEYvEwEeSMMpJV1HFyCAWBIU+I31/dl34/UciJI34vUpj4oZowmlAMVJa8swaf8hGIVJTjFh2k+de1so9s2437TmsVeKUpA4lOp75NRpHOAkJV5ghKYeOHSs3Q0JRzEheHSWSxAjP0IQMNeUoJNLN5uFz60wrYyuIhH5cWXP190aGQinT0NeTRU657BXif94wUUHLzSiPE0U4XhwKEmapyCqasMZUEKxYqgnCguqsFp4igbDSfVV1Cc7yl1dJ77zpXDbtu4t6u1HWUYETOIUGOHAFbbiFDnQBQwrP8ApvxpPxYrwbH4vRNaPcqcEfGJ8/SN6VGA==</latexit>

nD
8

<latexit sha1_base64="N+ZbH5FDLoBvw6JepmFnIaD+FL8=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBG6Koko6q6gC5cV7APaGCbTSTt0MgkzEyGE+CtuXCji1g9x5984abPQ1gMDh3Pu5Z45fsyoVLb9baysrq1vbFa2qts7u3v75sFhV0aJwKSDIxaJvo8kYZSTjqKKkX4sCAp9Rnr+9Lrwe49ESBrxe5XGxA3RmNOAYqS05Jk1/pANQ6QmGLHsJs+97Cr3zLrdtGewlolTkjqUaHvm13AU4SQkXGGGpBw4dqzcDAlFMSN5dZhIEiM8RWMy0JSjkEg3m4XPrROtjKwgEvpxZc3U3xsZCqVMQ19PFjnloleI/3mDRAWXbkZ5nCjC8fxQkDBLRVbRhDWigmDFUk0QFlRntfAECYSV7quqS3AWv7xMuqdN57xp353VW42yjgocwTE0wIELaMEttKEDGFJ4hld4M56MF+Pd+JiPrhjlTg3+wPj8AUpjlRk=</latexit>

nD
9

<latexit sha1_base64="3IdMS7jhl3jMW6gDfR7SXLbEVmg=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovQVUlE0WVBFy4r2Ae0MUymk3boZBJmJkINwV9x40IRt/6HO//GSduFth4YOJxzL/fMCRLOlHacb2tpeWV1bb20Ud7c2t7Ztff2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORleF336gUrFY3OlxQr0IDwQLGcHaSL59KO6zXoT1kGCeXee5n7lO7tsVp+ZMgBaJOyMVmKHh21+9fkzSiApNOFaq6zqJ9jIsNSOc5uVeqmiCyQgPaNdQgSOqvGySPkcnRumjMJbmCY0m6u+NDEdKjaPATBZB1bxXiP953VSHl17GRJJqKsj0UJhypGNUVIH6TFKi+dgQTCQzWREZYomJNoWVTQnu/JcXSeu05p7XnNuzSr06q6MER3AMVXDhAupwAw1oAoFHeIZXeLOerBfr3fqYji5Zs50D+APr8wezk5VL</latexit>

nD
10

<latexit sha1_base64="6lnBSi+AEF02JeclIPijUTXXVWQ=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovQVUlE0WVBFy4r2Ae0MUymk3boZBJmJkINwV9x40IRt/6HO//GSduFth4YOJxzL/fMCRLOlHacb2tpeWV1bb20Ud7c2t7Ztff2WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORleF336gUrFY3OlxQr0IDwQLGcHaSL59KO6zXoT1kGCeXee5n7lu7tsVp+ZMgBaJOyMVmKHh21+9fkzSiApNOFaq6zqJ9jIsNSOc5uVeqmiCyQgPaNdQgSOqvGySPkcnRumjMJbmCY0m6u+NDEdKjaPATBZB1bxXiP953VSHl17GRJJqKsj0UJhypGNUVIH6TFKi+dgQTCQzWREZYomJNoWVTQnu/JcXSeu05p7XnNuzSr06q6MER3AMVXDhAupwAw1oAoFHeIZXeLOerBfr3fqYji5Zs50D+APr8we1GJVM</latexit>

nD
11

<latexit sha1_base64="0PtBOlN4gVbm4AoksFtr1EHLZ3U=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvQU9kVRY8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO7xZ+94lpw2P1aGcJCyQZKx5xSmwujYf+sFrzGl4OvE78gtSgQGtY/RqMYppKpiwVxJi+7yU2yIi2nAo2rwxSwxJCp2TM+o4qIpkJsvzWOb5wyghHsXalLM7V3xMZkcbMZOg6JbETs+otxP+8fmqj2yDjKkktU3S5KEoFtjFePI5HXDNqxcwRQjV3t2I6IZpQ6+KpuBD81ZfXSeey4V83vIerWrNexFGGMziHOvhwA024hxa0gcIEnuEV3pBEL+gdfSxbS6iYOYU/QJ8/wV6N9w==</latexit>

tg1

<latexit sha1_base64="m8Hml2L/bONV0e3JgsJNgNnbngc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCVyUpii4LunBZwT6gjWEynbRDJ5MwMxFqCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh8zKpVtfxulldW19Y3yZmVre2d3z9w/6MgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXn1zlfveBCEkjfqemMXFDNOI0oBgpLXnmEb9PByFSY4xYep1lXuo0Ms+s2nV7BmuZOAWpQoGWZ34NhhFOQsIVZkjKvmPHyk2RUBQzklUGiSQxwhM0In1NOQqJdNNZ+sw61crQCiKhH1fWTP29kaJQymno68k8qFz0cvE/r5+o4NJNKY8TRTieHwoSZqnIyquwhlQQrNhUE4QF1VktPEYCYaULq+gSnMUvL5NOo+6c1+3bs2qzVtRRhmM4gRo4cAFNuIEWtAHDIzzDK7wZT8aL8W58zEdLRrFzCH9gfP4Atp2VTQ==</latexit>

nD
12

<latexit sha1_base64="Fp8tHReQy/JONEf4+/OgZLZ7ewE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCVyXxgS4LunBZwT6gjWEynbRDJ5MwMxFqCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh8zKpVtfxulpeWV1bXyemVjc2t7x9zda8soEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH1/lfueBCEkjfqcmMXFDNOQ0oBgpLXnmAb9P+yFSI4xYep1lXuqcZp5Ztev2FNYicQpShQJNz/zqDyKchIQrzJCUPceOlZsioShmJKv0E0lihMdoSHqachQS6abT9Jl1rJWBFURCP66sqfp7I0WhlJPQ15N5UDnv5eJ/Xi9RwaWbUh4ninA8OxQkzFKRlVdhDaggWLGJJggLqrNaeIQEwkoXVtElOPNfXiTtk7pzXrdvz6qNWlFHGQ7hCGrgwAU04Aaa0AIMj/AMr/BmPBkvxrvxMRstGcXOPvyB8fkDuCKVTg==</latexit>

nD
13

<latexit sha1_base64="+VrpjUULJeOkrjsczw3ldRRGm0E=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahq5KIosuCLlxWsA9oYphMb9qhk0mYmQglZuGvuHGhiFt/w51/46TNQlsPDBzOuZd75gQJo1LZ9rextLyyurZe2ahubm3v7Jp7+x0Zp4JAm8QsFr0AS2CUQ1tRxaCXCMBRwKAbjK8Kv/sAQtKY36lJAl6Eh5yGlGClJd88dIGx+8yNsBoRzLLrPPczJ/fNmt2wp7AWiVOSGirR8s0vdxCTNAKuCMNS9h07UV6GhaKEQV51UwkJJmM8hL6mHEcgvWyaP7dOtDKwwljox5U1VX9vZDiSchIFerLIKee9QvzP66cqvPQyypNUASezQ2HKLBVbRRnWgAogik00wURQndUiIywwUbqyqi7Bmf/yIumcNpzzhn17VmvWyzoq6Agdozpy0AVqohvUQm1E0CN6Rq/ozXgyXox342M2umSUOwfoD4zPH4pQllo=</latexit>

`D
1

<latexit sha1_base64="Mpje5FMRciGPipcY/g6HFPTtbPc=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIXZVEKros6MJlBfuAJobJ9KYdOpmEmYlQYhb+ihsXirj1N9z5N07aLrT1wMDhnHu5Z06QMCqVbX8bpZXVtfWN8mZla3tnd8/cP+jIOBUE2iRmsegFWAKjHNqKKga9RACOAgbdYHxV+N0HEJLG/E5NEvAiPOQ0pAQrLfnmkQuM3WduhNWIYJZd57mfNXLfrNp1ewprmThzUkVztHzzyx3EJI2AK8KwlH3HTpSXYaEoYZBX3FRCgskYD6GvKccRSC+b5s+tU60MrDAW+nFlTdXfGxmOpJxEgZ4scspFrxD/8/qpCi+9jPIkVcDJ7FCYMkvFVlGGNaACiGITTTARVGe1yAgLTJSurKJLcBa/vEw6Z3XnvG7fNqrN2ryOMjpGJ6iGHHSBmugGtVAbEfSIntErejOejBfj3fiYjZaM+c4h+gPj8weO35Zd</latexit>

`D
4

<latexit sha1_base64="oK5u708JjXb9htsWItBBiHktGNU=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIXZVELLos6MJlBfuAJobJ9KYdOpmEmYlQYhb+ihsXirj1N9z5N07aLrT1wMDhnHu5Z06QMCqVbX8bpZXVtfWN8mZla3tnd8/cP+jIOBUE2iRmsegFWAKjHNqKKga9RACOAgbdYHxV+N0HEJLG/E5NEvAiPOQ0pAQrLfnmkQuM3WduhNWIYJZd57mfNXLfrNp1ewprmThzUkVztHzzyx3EJI2AK8KwlH3HTpSXYaEoYZBX3FRCgskYD6GvKccRSC+b5s+tU60MrDAW+nFlTdXfGxmOpJxEgZ4scspFrxD/8/qpCi+9jPIkVcDJ7FCYMkvFVlGGNaACiGITTTARVGe1yAgLTJSurKJLcBa/vEw6Z3WnUbdvz6vN2ryOMjpGJ6iGHHSBmugGtVAbEfSIntErejOejBfj3fiYjZaM+c4h+gPj8weQZJZe</latexit>

`D
5<latexit sha1_base64="mwdfSM9OT6bWGUF9A3ElcaHBzdA=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EidFUS8bUs6MJlBfuAJobJdNoOnTyYmQglZuGvuHGhiFt/w51/46TNQlsPDBzOuZd75vgxZ1JZ1rdRWlpeWV0rr1c2Nre2d8zdvbaMEkFoi0Q8El0fS8pZSFuKKU67saA48Dnt+OOr3O88UCFZFN6pSUzdAA9DNmAEKy155oFDOb9PnQCrEcE8vc4yLz3PPLNq1a0p0CKxC1KFAk3P/HL6EUkCGirCsZQ924qVm2KhGOE0qziJpDEmYzykPU1DHFDpptP8GTrWSh8NIqFfqNBU/b2R4kDKSeDryTynnPdy8T+vl6jBpZuyME4UDcns0CDhSEUoLwP1maBE8YkmmAimsyIywgITpSur6BLs+S8vkvZJ3T6rW7en1UatqKMMh3AENbDhAhpwA01oAYFHeIZXeDOejBfj3fiYjZaMYmcf/sD4/AGR6ZZf</latexit>

`D
6

<latexit sha1_base64="7IHlQ8EqORLtwfHTpNDFxkObJro=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARuiqJKHVZ0IXLCvYBTQyT6aQdOpmEmYlQYhb+ihsXirj1N9z5N07aLrT1wMDhnHu5Z06QMCqVbX8bpZXVtfWN8mZla3tnd8/cP+jIOBWYtHHMYtELkCSMctJWVDHSSwRBUcBINxhfFX73gQhJY36nJgnxIjTkNKQYKS355pFLGLvP3AipEUYsu85zP2vkvlm16/YU1jJx5qQKc7R888sdxDiNCFeYISn7jp0oL0NCUcxIXnFTSRKEx2hI+ppyFBHpZdP8uXWqlYEVxkI/rqyp+nsjQ5GUkyjQk0VOuegV4n9eP1XhpZdRnqSKcDw7FKbMUrFVlGENqCBYsYkmCAuqs1p4hATCSldW0SU4i19eJp2zunNRt2/Pq83avI4yHMMJ1MCBBjThBlrQBgyP8Ayv8GY8GS/Gu/ExGy0Z851D+APj8weTbpZg</latexit>

`D
7

<latexit sha1_base64="CroazGU2w3o395gdo+eGBxakKcI=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvQU9kVRY8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXiBr6w2rNa3gL4HXiF6QGBVrD6tdgFNNUMmWpIMb0fS+xQUa05VSweWWQGpYQOiVj1ndUEclMkC1uneMLp4xwFGtXyuKF+nsiI9KYmQxdpyR2Yla9XPzP66c2ug0yrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdPxYXgr768TjqXDf+64T1c1Zr1Io4ynME51MGHG2jCPbSgDRQm8Ayv8IYkekHv6GPZWkLFzCn8Afr8Aa8Djes=</latexit>

an1

<latexit sha1_base64="AytsN3SJQbOVMxf5NUWJ1vsqHm0=">AAAB63icbVDLSgMxFL2pr1pfVZdugkXoqsz4QJcFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz7Sy0euDC4Zx7ufeeMBHcWM/7QqW19Y3NrfJ2ZWd3b/+genjUMXGqKWvTWMS6FxLDBFesbbkVrJdoRmQoWDec3uZ+95Fpw2P1YGcJCyQZKx5xSmwuETW8GFZrXsNbAP8lfkFqUKA1rH4ORjFNJVOWCmJM3/cSG2REW04Fm1cGqWEJoVMyZn1HFZHMBNni1jk+c8oIR7F2pSxeqD8nMiKNmcnQdUpiJ2bVy8X/vH5qo5sg4ypJLVN0uShKBbYxzh/HI64ZtWLmCKGau1sxnRBNqHXxVFwI/urLf0nnvOFfNbz7y1qzXsRRhhM4hTr4cA1NuIMWtIHCBJ7gBV6RRM/oDb0vW0uomDmGX0Af37ILje0=</latexit>

an3

<latexit sha1_base64="00DCAmiVnGJ1kE+4OPavHcxtcuY=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvQU9kVRY8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JTaXyHjoD6s1r+EtgNeJX5AaFGgNq1+DUUxTyZSlghjT973EBhnRllPB5pVBalhC6JSMWd9RRSQzQba4dY4vnDLCUaxdKYsX6u+JjEhjZjJ0nZLYiVn1cvE/r5/a6DbIuEpSyxRdLopSgW2M88fxiGtGrZg5Qqjm7lZMJ0QTal08FReCv/ryOulcNvzrhvdwVWvWizjKcAbnUAcfbqAJ99CCNlCYwDO8whuS6AW9o49lawkVM6fwB+jzB6RZjeQ=</latexit>

ag1

<latexit sha1_base64="hwAj1MVnyZP4xj7UZRXaipRnBPU=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvQU9ktih4LXjxWsK3QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHcWM/7RqWNza3tnfJuZW//4PCoenzSNXGqKevQWMT6MSSGCa5Yx3Ir2GOiGZGhYL1wepv7vSemDY/Vg50lLJBkrHjEKbG5RMbD5rBa8xreAnid+AWpQYH2sPo1GMU0lUxZKogxfd9LbJARbTkVbF4ZpIYlhE7JmPUdVUQyE2SLW+f4wikjHMXalbJ4of6eyIg0ZiZD1ymJnZhVLxf/8/qpjW6CjKsktUzR5aIoFdjGOH8cj7hm1IqZI4Rq7m7FdEI0odbFU3Eh+Ksvr5Nus+FfNbz7y1qrXsRRhjM4hzr4cA0tuIM2dIDCBJ7hFd6QRC/oHX0sW0uomDmFP0CfP6XdjeU=</latexit>

ag2

<latexit sha1_base64="Oqn86uqrgLdJl1VOJ+bNnVC1e/4=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBByCrui6DHgxWME85BkCbOTTjJkZnaZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzvzWE2rDY/VgJwmGkg4VH3BGrZMeaReF6GXBtFcq+1V/DrJKgpyUIUe9V/rq9mOWSlSWCWpMJ/ATG2ZUW84ETovd1GBC2ZgOseOoohJNmM0PnpJzp/TJINaulCVz9fdERqUxExm5TkntyCx7M/E/r5PawU2YcZWkFhVbLBqkgtiYzL4nfa6RWTFxhDLN3a2EjaimzLqMii6EYPnlVdK8qAZXVf/+slyr5HEU4BTOoAIBXEMN7qAODWAg4Rle4c3T3ov37n0sWte8fOYE/sD7/AGwjZBA</latexit>

a`1

<latexit sha1_base64="AnIiZacN07tgPpUzNyuGEv9WgpM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahp5IURY8FLx4r2A9pQ9lsJ+3SzSbsboQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FjpkfZRiEFWnw3KFbfmLkDWiZeTCuRoDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8WB8/IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTObfkyFXyIyYWkKZ4vZWwsZUUWZsRiUbgrf68jpp12veVc29v6w0qnkcRTiDc6iCB9fQgDtoQgsYRPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AshKQQQ==</latexit>

a`2

<latexit sha1_base64="Y9xVQQWh4ux/jKo/qbyjQhOqczY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoseCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSzwa5NxtUa27DXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFtkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7alw3vuuE+XNWa9SKOMpzBOdTBgxtowj20wAcGAp7hFd4c5bw4787HsrXkFDOn8AfO5w+pno6B</latexit>

c1

<latexit sha1_base64="yj0wOK8CbGA9loRQB8atnj334YE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahp5IURY8FLx4rmFZoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fiko5NMMfRZIhL1GFKNgkv0DTcCH1OFNA4FdsPJ7dzvPqHSPJEPZppiENOR5BFn1FjJZ4O8ORtUa27DXYCsE68gNSjQHlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMw/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSaTa8q4Z7f1lr1Ys4ynAG51AHD66hBXfQBh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+rI46C</latexit>

c2

<latexit sha1_base64="MAOl7FGbMUEylhLbLglR23fQhVU=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvQVUlE0WVBFy4r2Ae0MUymk3boZBJmJkII8VfcuFDErR/izr9x0mahrQcGDufcyz1z/JhRqWz726isrW9sblW3azu7e/sH5uFRT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+7Lrw+49ESBrxe5XGxA3RhNOAYqS05Jl1/pCNQqSmGLHsJs+97Dz3zIbdsuewVolTkgaU6Hjm12gc4SQkXGGGpBw6dqzcDAlFMSN5bZRIEiM8QxMy1JSjkEg3m4fPrVOtjK0gEvpxZc3V3xsZCqVMQ19PFjnlsleI/3nDRAVXbkZ5nCjC8eJQkDBLRVbRhDWmgmDFUk0QFlRntfAUCYSV7qumS3CWv7xKemct56Jl35032s2yjiocwwk0wYFLaMMtdKALGFJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AELKlRQ=</latexit>

nD
4

<latexit sha1_base64="BWZOJ89KbKJXfMwyqUYtB0xlPeU=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBG6KolYdFnQhcsK9gFtDJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs8cP2ZUKtv+NtbWNza3tis71d29/YND8+i4J6NEYNLFEYvEwEeSMMpJV1HFyCAWBIU+I31/dl34/UciJI34vUpj4oZowmlAMVJa8swaf8hGIVJTjFh2k+de1so9s2437TmsVeKUpA4lOp75NRpHOAkJV5ghKYeOHSs3Q0JRzEheHSWSxAjP0IQMNeUoJNLN5uFz60wrYyuIhH5cWXP190aGQinT0NeTRU657BXif94wUcGVm1EeJ4pwvDgUJMxSkVU0YY2pIFixVBOEBdVZLTxFAmGl+6rqEpzlL6+S3nnTaTXtu4t6u1HWUYETOIUGOHAJbbiFDnQBQwrP8ApvxpPxYrwbH4vRNaPcqcEfGJ8/RE+VFQ==</latexit>

nD
5

<latexit sha1_base64="/AxqsSHWvvbaR6q8D7yhdF4g05I=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBByCrui6DHgxWME84BkCbOTTjJmdmaZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jUo1wwZTQul2RA0KLrFhuRXYTjTSOBLYisa3M7/1hNpwJR/sJMEwpkPJB5xR66Qmlb0smPZKZb/qz0FWSZCTMuSo90pf3b5iaYzSMkGN6QR+YsOMasuZwGmxmxpMKBvTIXYclTRGE2bza6fk3Cl9MlDalbRkrv6eyGhszCSOXGdM7cgsezPxP6+T2sFNmHGZpBYlWywapIJYRWavkz7XyKyYOEKZ5u5WwkZUU2ZdQEUXQrD88ippXlSDq6p/f1muVfI4CnAKZ1CBAK6hBndQhwYweIRneIU3T3kv3rv3sWhd8/KZE/gD7/MHdFqO9w==</latexit>

an1

<latexit sha1_base64="7NfuRmeoNG/vRlTGtnX32DBmaLM=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiDkFGZc0GPAi8cIZoFkCD2dnqRNL0N3jxCG/IMXD4p49X+8+Td2kjlo4oOCx3tVVNWLEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk5qYdnPLqb9csWv+XOgVRLkpAI5Gv3yV2+gSCqotIRjY7qBn9gww9oywum01EsNTTAZ4yHtOiqxoCbM5tdO0ZlTBihW2pW0aK7+nsiwMGYiItcpsB2ZZW8m/ud1UxvfhBmTSWqpJItFccqRVWj2OhowTYnlE0cw0czdisgIa0ysC6jkQgiWX14lrfNacFXz7y8r9WoeRxFO4BSqEMA11OEOGtAEAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AHdkjvk=</latexit>

an3

<latexit sha1_base64="H3xOaF/pIz+KAKzPC4YHwKoXmjg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvQU9ktih4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pG5VqylpUCaW7ITFMcMlallvBuolmJA4F64ST27nfeWLacCUf7DRhQUxGkkecEuukNpGDrD4blCtezVsArxM/JxXI0RyUv/pDRdOYSUsFMabne4kNMqItp4LNSv3UsITQCRmxnqOSxMwE2eLaGb5wyhBHSruSFi/U3xMZiY2ZxqHrjIkdm1VvLv7n9VIb3QQZl0lqmaTLRVEqsFV4/joecs2oFVNHCNXc3YrpmGhCrQuo5ELwV19eJ+16zb+qefeXlUY1j6MIZ3AOVfDhGhpwB01oAYVHeIZXeEMKvaB39LFsLaB85hT+AH3+AHXfjvg=</latexit>

an2

<latexit sha1_base64="45eGDcFZw8QsJPTiYU4vuT/PLEk=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvQU9mVih4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pG5VqylpUCaW7ITFMcMlallvBuolmJA4F64ST27nfeWLacCUf7DRhQUxGkkecEuukNpGDrD4blCtezVsArxM/JxXI0RyUv/pDRdOYSUsFMabne4kNMqItp4LNSv3UsITQCRmxnqOSxMwE2eLaGb5wyhBHSruSFi/U3xMZiY2ZxqHrjIkdm1VvLv7n9VIb3QQZl0lqmaTLRVEqsFV4/joecs2oFVNHCNXc3YrpmGhCrQuo5ELwV19eJ+3Lmn9V8+7rlUY1j6MIZ3AOVfDhGhpwB01oAYVHeIZXeEMKvaB39LFsLaB85hT+AH3+AHjpjvo=</latexit>

an4

<latexit sha1_base64="TjGEpQFqL+pJCZnTp0UB3vO/93c=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOQU9j1gR4DXjxGMA9JljA76U2GzOwuM7NCWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBY+wabgR2EkUUhkIbAfj25nffkKleRw9mEmCvqTDiIecUWOlR9pDIfrZxbRfrrg1dw6ySrycVCBHo1/+6g1ilkqMDBNU667nJsbPqDKcCZyWeqnGhLIxHWLX0ohK1H42P3hKzqwyIGGsbEWGzNXfExmVWk9kYDslNSO97M3E/7xuasIbP+NRkhqM2GJRmApiYjL7ngy4QmbExBLKFLe3EjaiijJjMyrZELzll1dJ67zmXdXc+8tKvZrHUYQTOIUqeHANdbiDBjSBgYRneIU3RzkvzrvzsWgtOPnMMfyB8/kDs5eQQg==</latexit>

a`3

<latexit sha1_base64="x72fnyaUs8cjHXq/riRFuQ64+RY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVgx4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qYznI6rNBueLX/AXQOglyUoEczUH5qz9UJBVUWsKxMb3AT2yYYW0Z4XRW6qeGJphM8Ij2HJVYUBNmi2tn6MIpQxQr7UpatFB/T2RYGDMVkesU2I7NqjcX//N6qY1vwozJJLVUkuWiOOXIKjR/HQ2ZpsTyqSOYaOZuRWSMNSbWBVRyIQSrL6+T9mUtqNf8+6tKo5rHUYQzOIcqBHANDbiDJrSAwCM8wyu8ecp78d69j2VrwctnTuEPvM8fem6O+w==</latexit>

an5

<latexit sha1_base64="jzEvMPnU+S3llj1kx7D3EEtyKG8=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiDkFGbE7Rjw4jGCWSAZQk+nJ2nTy9DdI4Qh/+DFgyJe/R9v/o2dZA6a+KDg8V4VVfWihDNjff/bK6ytb2xuFbdLO7t7+wflw6OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZNaWPazq2m/XPFr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MY3YcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ67wWXNb8+4tKvZrHUYQTOIUqBHANdbiDBjSBwCM8wyu8ecp78d69j0VrwctnjuEPvM8fe/OO/A==</latexit>

an6

<latexit sha1_base64="c2qHTxuP/04vM7xoCpGC7ul8kDI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoseCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby6SD3ZoNqzW24C5B14hWkBgVag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE7alw3vuuE+XNWa9SKOMpzBOdTBgxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+mjo5/</latexit>

a1

<latexit sha1_base64="+s0S6Al4+H4MYTVetx3WNq7+tl0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVJR4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qYznI6rNBueLX/AXQOglyUoEczUH5qz9UJBVUWsKxMb3AT2yYYW0Z4XRW6qeGJphM8Ij2HJVYUBNmi2tn6MIpQxQr7UpatFB/T2RYGDMVkesU2I7NqjcX//N6qY1vwozJJLVUkuWiOOXIKjR/HQ2ZpsTyqSOYaOZuRWSMNSbWBVRyIQSrL6+T9mUtuK7591eVRjWPowhncA5VCKAODbiDJrSAwCM8wyu8ecp78d69j2VrwctnTuEPvM8ffXiO/Q==</latexit>

an7

<latexit sha1_base64="mK4gXBY7Ibr7+LEzDt9YZJ8TCF4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBByCrui6DHgxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1UfWyYNorlf2qPwdZJUFOypCj3it9dfuapTFXyCS1thP4CYYZNSiY5NNiN7U8oWxMh7zjqKIxt2E2v3ZKzp3SJwNtXCkkc/X3REZjaydx5DpjiiO77M3E/7xOioObMBMqSZErtlg0SCVBTWavk74wnKGcOEKZEe5WwkbUUIYuoKILIVh+eZU0L6rBVdW/vyzXKnkcBTiFM6hAANdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyB9/kDkYWPCg==</latexit>

tn1

<latexit sha1_base64="SSgq+sW3vqTcJ1c7vVwpDhu5emY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahp5IURY8FLx4r2A9oQ9lsN+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKbVSDrD4blCtuzV2ArBMvJxXI0RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+trh2Ri6sMiRhrG0pJAv190RGI2OmUWA7I4pjs+rNxf+8XorhjZ8JlaTIFVsuClNJMCbz18lQaM5QTi2hTAt7K2FjqilDG1DJhuCtvrxO2vWad1Vz7y8rjWoeRxHO4Byq4ME1NOAOmtACBo/wDK/w5sTOi/PufCxbC04+cwp/4Hz+AJMKjws=</latexit>

tn2
<latexit sha1_base64="FGFx//Yki9F1316IGRSv2eErYIY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIRY8FLx4r2A9oQ9lsN+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKbVSDrD4blCtuzV2ArBMvJxXI0RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+trh2Ri6sMiRhrG0pJAv190RGI2OmUWA7I4pjs+rNxf+8XorhjZ8JlaTIFVsuClNJMCbz18lQaM5QTi2hTAt7K2FjqilDG1DJhuCtvrxO2pc176rm3tcrjWoeRxHO4Byq4ME1NOAOmtACBo/wDK/w5sTOi/PufCxbC04+cwp/4Hz+AJYUjw0=</latexit>

tn4
<latexit sha1_base64="wnoP/URCETNO76KrzZf6wm/R/Vc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahp5KIRY8FLx4r2A9oQ9lsN+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKbVSDrD4blCtuzV2ArBMvJxXI0RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+trh2Ri6sMiRhrG0pJAv190RGI2OmUWA7I4pjs+rNxf+8XorhjZ8JlaTIFVsuClNJMCbz18lQaM5QTi2hTAt7K2FjqilDG1DJhuCtvrxO2pc1r15z768qjWoeRxHO4Byq4ME1NOAOmtACBo/wDK/w5sTOi/PufCxbC04+cwp/4Hz+AJeZjw4=</latexit>

tn5

<latexit sha1_base64="q1tpsepmKFc3pkws/+tMugkBN1E=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9j1gR4DXjxGMA9IljA7mU3GzM4uM71CWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWqj62cW0X664NXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzaKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGN34mVJIiV2yxKEwlwZjMXicDoTlDObGEMi3srYSNqKYMbUAlG4K3/PIqaZ3XvKuae39ZqVfzOIpwAqdQBQ+uoQ530IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB5SPjww=</latexit>

tn3

<latexit sha1_base64="15/URWM2+vVHfGBPZEHLUeiP7nY="></latexit>

PESS
<latexit sha1_base64="15/URWM2+vVHfGBPZEHLUeiP7nY="></latexit>

PESS

<latexit sha1_base64="gx1uRrIgYip20BZlNrOb2Tw8Exc="></latexit>

GESS
<latexit sha1_base64="uquOWE7+oywJ5ALZJEuTpH9P0lA=">AAACA3icbVBNS8NAEN3Ur1q/ot70sliEnkpSED0W9OBJKtgPqKFstpN26SYbdjeWEgpe/CtePCji1T/hzX/jps1BWx8MPN6bYWaeH3OmtON8W4WV1bX1jeJmaWt7Z3fP3j9oKZFICk0quJAdnyjgLIKmZppDJ5ZAQp9D2x9dZn77AaRiIrrTkxi8kAwiFjBKtJF69lFDjEHiK7NJMj/JRHwDeizkqGeXnaozA14mbk7KKEejZ3/d9wVNQog05USpruvE2kuJ1IxymJbuEwUxoSMygK6hEQlBeenshyk+NUofB0KaijSeqb8nUhIqNQl90xkSPVSLXib+53UTHVx4KYviRENE54uChGMtcBYI7jMJVPOJIYRKZm7FdEgkodrEVjIhuIsvL5NWreqeVZ3bWrleyeMoomN0girIReeojq5RAzURRY/oGb2iN+vJerHerY95a8HKZw7RH1ifPziql84=</latexit>

Power Distribution Network
<latexit sha1_base64="2tofQ7Nih15C9fA4Y7ojgqJcuhs=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEIPZWkIHosKOhJKtgPaEPZbDft0k027G6UEurFv+LFgyJe/Rfe/Ddu2hy09cHA470ZZub5MWdKO863tbS8srq2Xtgobm5t7+zae/tNJRJJaIMILmTbx4pyFtGGZprTdiwpDn1OW/7oIvNb91QqJqI7PY6pF+JBxAJGsDZSzz68wgpdmj2S+UkmoRuqH4Qc9eySU3GmQIvEzUkJctR79le3L0gS0kgTjpXquE6svRRLzQink2I3UTTGZIQHtGNohEOqvHT6wQSdGKWPAiFNRRpN1d8TKQ6VGoe+6QyxHqp5LxP/8zqJDs69lEVxomlEZouChCMtUBYH6jNJieZjQzCRzNyKyBBLTLQJrWhCcOdfXiTNasU9rTi31VKtnMdRgCM4hjK4cAY1uIY6NIDAIzzDK7xZT9aL9W59zFqXrHzmAP7A+vwBaJWWyA==</latexit>

Gas Distribution Network

<latexit sha1_base64="g3+F0a2rsfaeqbPfegLpHNRrZ+0=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQUoW7gGgZ0CKVRDAfEEPY20ySJXt7x+6cEkKw8a/YWChi66+w89+4Sa7QxAcDj/dmmJkXxFIY9LxvJ7Oyura+kd3MbW3v7O65+wd1EyWaQ41HMtLNgBmQQkENBUpoxhpYGEhoBMPLqd+4B21EpG5xFEM7ZH0leoIztFLHPaoAQ3plF2kRJFONXgM+RHrYcfNe0ZuBLhM/JXmSotpxv+66EU9CUMglM6blezG2x0yj4BImubvEQMz4kPWhZaliIZj2ePbChJ5apUt7kbalkM7U3xNjFhozCgPbGTIcmEVvKv7ntRLsXbTHQsUJguLzRb1EUozoNA/aFRo4ypEljGthb6V8wDTjaFPL2RD8xZeXSb1U9M+K3k0pXy6kcWTJMTkhBeKTc1ImFVIlNcLJI3kmr+TNeXJenHfnY96acdKZQ/IHzucPM3iXOQ==</latexit>

Heat Distribution Network

<latexit sha1_base64="fLvXtFWBkZeM1nbJ3VZ/7cZ/IiM=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBG6KokouizowmUF+4A2hsn0th06mYSZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DMniDlT2nG+rZXVtfWNzdJWeXtnd2/frhy0VZRICi0a8Uh2A6KAMwEtzTSHbiyBhAGHTjC5yv3OA0jFInGnpzF4IRkJNmSUaCP5dgXu035I9JgSnl5nme/6dtWpOzPgZeIWpIoKNH37qz+IaBKC0JQTpXquE2svJVIzyiEr9xMFMaETMoKeoYKEoLx0Fj3DJ0YZ4GEkzRMaz9TfGykJlZqGgZnMU6pFLxf/83qJHl56KRNxokHQ+aFhwrGOcN4DHjAJVPOpIYRKZrJiOiaSUG3aKpsS3MUvL5P2ad09rzu3Z9VGraijhI7QMaohF12gBrpBTdRCFD2iZ/SK3qwn68V6tz7moytWsXOI/sD6/AFfcJP8</latexit>

eD
1

<latexit sha1_base64="8p2wYsr9c1uzioRCWCnirGfY5k4=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvQVUmKosuCLlxWsA9oY5hMJ+3QySTMTJQS8yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsyoVLb9bZTW1jc2t8rblZ3dvf0Ds3rYlVEiMOngiEWi7yNJGOWko6hipB8LgkKfkZ4/vcr93gMRkkb8Ts1i4oZozGlAMVJa8swquU+HIVITjFh6nWVe0zNrdsOew1olTkFqUKDtmV/DUYSTkHCFGZJy4NixclMkFMWMZJVhIkmM8BSNyUBTjkIi3XQePbNOtTKygkjox5U1V39vpCiUchb6ejJPKZe9XPzPGyQquHRTyuNEEY4Xh4KEWSqy8h6sERUEKzbTBGFBdVYLT5BAWOm2KroEZ/nLq6TbbDjnDfv2rNaqF3WU4RhOoA4OXEALbqANHcDwCM/wCm/Gk/FivBsfi9GSUewcwR8Ynz9g9JP9</latexit>

eD
2

<latexit sha1_base64="3pP/Abb5JLQKUkMLsEUHa2SZ+SY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahp5KIoseCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanKJ4tAbVmtuw12ArBOvIDUo0BpWvwajmKUSI8ME1brvuYnxM6oMZwLnlUGqMaFsSsfYtzSiErWfLW6dkwurjEgYK1uRIQv190RGpdYzGdhOSc1Er3q5+J/XT01462c8SlKDEVsuClNBTEzyx8mIK2RGzCyhTHF7K2ETqigzNp6KDcFbfXmddC4b3nXDfbiqNetFHGU4g3Oogwc30IR7aEEbGEzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AKFNjeI=</latexit>

ae1

<latexit sha1_base64="43eQqd5JTaYQ2+2uPZsPhW07gKs=">AAACK3icdVDLSgMxFM34tr6qLt0Ei+BCh6lV7LIoghtBwarQDiWT3qmhmcyQ3BHLMP/jxl9xoQsfuPU/TGsFnwcCh3POTW5OkEhh0POenZHRsfGJyanpwszs3PxCcXHpzMSp5lDnsYz1RcAMSKGgjgIlXCQaWBRIOA+6+33//Aq0EbE6xV4CfsQ6SoSCM7RSq7iXNQeXNHQn8DPP3a5UdyuVjV8kbyJcYxBmR6lEsXmgQHd69DAN8rxVLH2m6G9Sdr0BSmSI41bxvtmOeRqBQi6ZMY2yl6CfMY2CS8gLzdRAwniXdaBhqWIRGD8brJnTNau0aRhrexTSgfp1ImORMb0osMmI4aX56fXFv7xGimHVz4RKUgTFPx4KU0kxpv3iaFto4Ch7ljCuhd2V8kumGUdbb8GW8PlT+j8523LLO653slWqucM6psgKWSXrpEx2SY0ckmNSJ5zckDvySJ6cW+fBeXFeP6IjznBmmXyD8/YOaNekxw==</latexit>

Multi-Energy Hub

<latexit sha1_base64="Dnlr5RTpPAPXEsWzoWpl7i7zaqg=">AAAB73icbVBNSwMxEJ34WetX1ZtegkXwVHZF0WPBi8cK9gPapWSz2TY0m6xJVihL/4QXD4p49e9489+YtnvQ1gcDj/dmmJkXpoIb63nfaGV1bX1js7RV3t7Z3duvHBy2jMo0ZU2qhNKdkBgmuGRNy61gnVQzkoSCtcPR7dRvPzFtuJIPdpyyICEDyWNOiXVSpxcqEeXtSb9S9WreDHiZ+AWpQoFGv/LVixTNEiYtFcSYru+lNsiJtpwKNin3MsNSQkdkwLqOSpIwE+Szeyf4zCkRjpV2JS2eqb8ncpIYM05C15kQOzSL3lT8z+tmNr4Jci7TzDJJ54viTGCr8PR5HHHNqBVjRwjV3N2K6ZBoQq2LqOxC8BdfXiati5p/VfPuL6v14yKOEpzAKZyDD9dQhztoQBMoCHiGV3hDj+gFvaOPeesKKmaO4A/Q5w8yt4/y</latexit>

W

<latexit sha1_base64="AdiWTMLw1bfmQZjhaqbX1rnI4yM=">AAACLnicdVDLSgMxFM34tr6qLt0Ei+BChqlV6lIQwaWiVaEdSia9U4NJZkjuiGWYL3Ljr+hCUBG3foZpreDzQOBw7rmPnCiVwmIQPHojo2PjE5NT06WZ2bn5hfLi0qlNMsOhwROZmPOIWZBCQwMFSjhPDTAVSTiLLvf69bMrMFYk+gR7KYSKdbWIBWfopHZ5P28NhjRNNwrzwN+q7dRrtY1fpGghXGMU5yeGaauE7U+kxz2LoIqiXa58GulvUvWDASpkiMN2+b7VSXimQCOXzNpmNUgxzJlBwSUUpVZmIWX8knWh6ahmCmyYDy4t6JpTOjROjHsa6UD92pEzZW1PRc6pGF7Yn7W++FetmWG8E+ZCpxmC5h+L4kxSTGg/O9oRBjjKniOMG+FupfyCGcbRJVxyIXz+lP5PTjf96rYfHG1Wdv1hHFNkhaySdVIldbJLDsghaRBObsgdeSLP3q334L14rx/WEW/Ys0y+wXt7B906prM=</latexit>

Transmission System

<latexit sha1_base64="MseQ7C0EWmc6QWzUjw190UcDro0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJ0VRJRdFlw47JCX9DWMJlO2qGTSZiZKCXmU9y4UMStX+LOv3HSZqGtBwYO59zLPXP8mDOlHefbWlvf2NzaLu2Ud/f2Dw7tylFHRYkktE0iHsmejxXlTNC2ZprTXiwpDn1Ou/70Jve7D1QqFomWnsV0GOKxYAEjWBvJsyviPh2EWE8I5mkryzzXs6tO3ZkDrRK3IFUo0PTsr8EoIklIhSYcK9V3nVgPUyw1I5xm5UGiaIzJFI9p31CBQ6qG6Tx6hs6MMkJBJM0TGs3V3xspDpWahb6ZzFOqZS8X//P6iQ6uhykTcaKpIItDQcKRjlDeAxoxSYnmM0MwkcxkRWSCJSbatFU2JbjLX14lnfO6e1l37i6qjVpRRwlO4BRq4MIVNOAWmtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB4YklBU=</latexit>

nT
1

<latexit sha1_base64="KY4vX4ogo1xaUbvD4o52KKt8x9c=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvQVUmKosuCG5cV+oI2hsl00g6dTMLMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjx4xKZdvfRmljc2t7p7xb2ds/ODwyq8c9GSUCky6OWCQGPpKEUU66iipGBrEgKPQZ6fuzm9zvPxAhacQ7ah4TN0QTTgOKkdKSZ1b5fToKkZpixNJOlnlNz6zZDXsBa504BalBgbZnfo3GEU5CwhVmSMqhY8fKTZFQFDOSVUaJJDHCMzQhQ005Col000X0zDrXytgKIqEfV9ZC/b2RolDKeejryTylXPVy8T9vmKjg2k0pjxNFOF4eChJmqcjKe7DGVBCs2FwThAXVWS08RQJhpduq6BKc1S+vk16z4Vw27LuLWqte1FGGUziDOjhwBS24hTZ0AcMjPMMrvBlPxovxbnwsR0tGsXMCf2B8/gCHqJQW</latexit>

nT
2

<latexit sha1_base64="a4K48Hkp3ldzhhPe4nPcYuaT+vw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvQVUl8oMuCG5cV+oI2hsl00g6dTMLMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjx4xKZdvfRmltfWNzq7xd2dnd2z8wq4ddGSUCkw6OWCT6PpKEUU46iipG+rEgKPQZ6fnTm9zvPRAhacTbahYTN0RjTgOKkdKSZ1b5fToMkZpgxNJ2lnnnnlmzG/Yc1ipxClKDAi3P/BqOIpyEhCvMkJQDx46VmyKhKGYkqwwTSWKEp2hMBppyFBLppvPomXWqlZEVREI/rqy5+nsjRaGUs9DXk3lKuezl4n/eIFHBtZtSHieKcLw4FCTMUpGV92CNqCBYsZkmCAuqs1p4ggTCSrdV0SU4y19eJd2zhnPZsO8uas16UUcZjuEE6uDAFTThFlrQAQyP8Ayv8GY8GS/Gu/GxGC0Zxc4R/IHx+QOJLJQX</latexit>

nT
3

<latexit sha1_base64="4vDPwR/QTJM/UUeXAtNUbQo80FI=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvQVUmkosuCG5cV+oI2hsl00g6dTMLMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjx4xKZdvfRmljc2t7p7xb2ds/ODwyq8c9GSUCky6OWCQGPpKEUU66iipGBrEgKPQZ6fuzm9zvPxAhacQ7ah4TN0QTTgOKkdKSZ1b5fToKkZpixNJOlnlNz6zZDXsBa504BalBgbZnfo3GEU5CwhVmSMqhY8fKTZFQFDOSVUaJJDHCMzQhQ005Col000X0zDrXytgKIqEfV9ZC/b2RolDKeejryTylXPVy8T9vmKjg2k0pjxNFOF4eChJmqcjKe7DGVBCs2FwThAXVWS08RQJhpduq6BKc1S+vk95Fw7ls2HfNWqte1FGGUziDOjhwBS24hTZ0AcMjPMMrvBlPxovxbnwsR0tGsXMCf2B8/gCKsJQY</latexit>

nT
4

<latexit sha1_base64="UEX7n4xN4/iP+FerGLGMNPgE0+I=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvQVUnEosuCG5cV+oI2hsl00g6dTMLMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjx4xKZdvfRmljc2t7p7xb2ds/ODwyq8c9GSUCky6OWCQGPpKEUU66iipGBrEgKPQZ6fuzm9zvPxAhacQ7ah4TN0QTTgOKkdKSZ1b5fToKkZpixNJOlnlNz6zZDXsBa504BalBgbZnfo3GEU5CwhVmSMqhY8fKTZFQFDOSVUaJJDHCMzQhQ005Col000X0zDrXytgKIqEfV9ZC/b2RolDKeejryTylXPVy8T9vmKjg2k0pjxNFOF4eChJmqcjKe7DGVBCs2FwThAXVWS08RQJhpduq6BKc1S+vk95Fw2k27LvLWqte1FGGUziDOjhwBS24hTZ0AcMjPMMrvBlPxovxbnwsR0tGsXMCf2B8/gCMNJQZ</latexit>

nT
5 <latexit sha1_base64="F5Bgr72XzrvOaIc3pPndXEi6OFE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvQVUnE17LgxmWFvqCNYTKdtEMnkzAzUUrMp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+b4MaNS2fa3UVpb39jcKm9Xdnb39g/M6mFXRonApIMjFom+jyRhlJOOooqRfiwICn1Gev70Jvd7D0RIGvG2msXEDdGY04BipLTkmVV+nw5DpCYYsbSdZd6lZ9bshj2HtUqcgtSgQMszv4ajCCch4QozJOXAsWPlpkgoihnJKsNEkhjhKRqTgaYchUS66Tx6Zp1qZWQFkdCPK2uu/t5IUSjlLPT1ZJ5SLnu5+J83SFRw7aaUx4kiHC8OBQmzVGTlPVgjKghWbKYJwoLqrBaeIIGw0m1VdAnO8pdXSfes4Vw07LvzWrNe1FGGYziBOjhwBU24hRZ0AMMjPMMrvBlPxovxbnwsRktGsXMEf2B8/gCNuJQa</latexit>

nT
6

<latexit sha1_base64="LHufAib17pc7/jdrV8+JwmzlAtQ=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJ0VRJRdFlw47JCX9DWMJlO2qGTSZiZKCXmU9y4UMStX+LOv3HSZqGtBwYO59zLPXP8mDOlHefbWlvf2NzaLu2Ud/f2Dw7tylFHRYkktE0iHsmejxXlTNC2ZprTXiwpDn1Ou/70Jve7D1QqFomWnsV0GOKxYAEjWBvJsyvyPh2EWE8I5mkryzzXs6tO3ZkDrRK3IFUo0PTsr8EoIklIhSYcK9V3nVgPUyw1I5xm5UGiaIzJFI9p31CBQ6qG6Tx6hs6MMkJBJM0TGs3V3xspDpWahb6ZzFOqZS8X//P6iQ6uhykTcaKpIItDQcKRjlDeAxoxSYnmM0MwkcxkRWSCJSbatFU2JbjLX14lnfO6e1l37i6qjVpRRwlO4BRq4MIVNOAWmtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB4x0lBk=</latexit>
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demonstrate the efficacy of presented method and the benefit
ITES system brings. The medium-sized system, based on
which Case IV is constructed, is of practical scale with 33
electricity buses and 21 heat nodes. This case is used to
investigate the computation efficiency of the presented method.
The topology of two systems are presented in Fig.5 and Fig.6,
respectively, and the data can be found in [42].
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Fig. 5. Topology of small-sized system.

The outlines of all cases are given below.
• Case I: This case is constructed based on the small-sized

system, where peak solar generation appears at period
15, accounting for 80.76% of total electricity demand at
that period. The MFR deviation caused by ITES system
will be balanced by the only CHP unit. Accordingly, the
injected MFRs of node 1 and 2, the MFRs in pipeline 1-
2 varies when ITES changes operation state. The system
is simulated with 24 dispatching periods without and
with ITES system (denoted as N-TES and Y-TES, re-
spectively). In the simulation, CDPG

i,t =$1.5/KWh (∀i, ∀t),
KHC

i = T SL
i = T SR

i = 3 (∀i) and MIPgap in Gurobi is
set to 0.01%.

• Case II: Parameters in this case are the same as Case I,
however, with all non-convex terms reserved to show the
efficiency of the presented method.

• Case III: This case is modified based on Case I, where
electricity load is set to 1.6× of Case I at each period.

• Case IV: This case is constructed based on the medium-
sized system.

A. Case I
As shown in Table I, the problem is successfully solved with

0.27 and 26.41 seconds for N-TES and Y-TES, respectively.
The cost reduction by incorporating ITES system is 2.20%,
which demonstrates the benefit of decrease operation cost by
introducing ITES.

TABLE I
COMPUTATION RESULTS FOR CASE I TO CASE III

Case Cost($) Cost Reduction(%) Time(s)

Case I
N-TES 6,108.22

2.20
0.27

Y-TES 5,973.74 26.41
Case II Y-TES — — Failed

Case III
N-TES —

—
Infeasible

Y-TES 9,316.17 7.90

The voltage magnitudes and second-order cone relaxation
(SOCR) gaps for (75), i.e. |lij,tvi,t − p2

ij,t − q2
ij,t| (∀i, ∀t),

are presented in Fig.7, demonstrating EDN works in secure
condition and the convex relaxation technique employed to
solve the problem is still effective.

Fig. 7. Voltage level of EDN and computed SOCR gaps (CASE I)

Fig. 8. Heat power balance (CASE I).

The heat power balance, terminal or internal temperatures of
different heat equipment are presented in Fig.8 and Fig.9. For
Y-TES, the ITES system operates as heat load during valley
periods (period 1-3), and as heat source during period 11-13
when system heat load reaches peak values. Considering that
the cost function of CHP unit is strictly convex, the load shift
via ITES system therefore leads to the cost reduction. The
results also show that the terminal temperatures of CHP unit
during period 1-3 are significantly higher for Y-TES. This is
because the temperature of inlet water must be higher than
the internal temperature of ITES system to make the charging
process physically viable, which is realized by imposing (19)-
(20) in the formulation.

The nodal temperatures at period 3 and 11, when ITES
system operates as heat load and heat source respectively are
presented in Fig. 10. Obviously, nodal temperatures are much
higher in period 3 due to increased terminal temperatures of
CHP unit as shown in Fig.9.

The dispatched solar generations for N-TES and Y-TES are
also presented in Fig.11 (right-hand side). It is clearly showed
that more solar generation is accommodated at period 11-13,
thus leading to effective greenhouse gas (GHG) reduction. To
investigate how more solar generation is accommodated, the
lower bound (LB) and upper bound (UB) of CHP unit’s capa-
bility to generate electric power are presented in Fig.11 (left-
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Fig. 2. Network topology of the test system [35], [36].

individual Lagrangian functions for both agents as

LT := F T (xT ,xTC) +
∑

D
λD(xTC − x̂DC) +

ν

2
‖xTC − x̂DC‖2,

(13a)

LD := FD(xD,xDC) + λD(x̂TC − xDC) +
ν

2
‖x̂TC − xDC‖2,

(13b)

where λD defines the Lagrangian multipliers for the common
variable shared by each distribution network and ν is the
second-order penalty step size. Then following Fig. 1, we
perform the AAL algorithm and solve each agent’s problem
in parallel. The merits of AAL include the double updates in
one iteration and the acceleration brought by using ι in both
updates for primal variables and Lagrangian multipliers, which
outperforms other optimality-conditioned methods [24].

Similar to [13], the subproblem’s solution process and
the AAL are independent. However, the AAL’s convergence
depends on the convergence of the inner C&CG process, which
is guaranteed by model convexity and linear recourse problems
with finite support. This feature protects each agent’s privacy
as the solution processes do not cross impact with only limited
information, e.g., boundary power injection, being exchanged.
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TABLE II
COMPARISONS BETWEEN THE THREE CASES RESULTS

Case 1 Case 2 Case 3

Transmission Cost $27,293.1 $27,371.9 $32,116.8
- Generation $26,229.4 $26,431,7 $31,599.2
- ESS $1,063.7 $940.2 $517.6
- Load Shed 0 0 0

Distribution Cost $3,855.6 $4,262.1 $5,506.2
• Power Network -$2,294.9 $4,262.1 $5,506.2

- Generation 0 $4,889.2 $5,416.8
- ESS $144.7 $150.2 $89.4
- Load Shed 0 0 0
- Trade Revenue -$2,439.6 -$777.4 -

• Gas Network $5,110.9 - -
- Generation $5,002.3 - -
- ESS $108.6 - -
- Load Shed 0 - -

• Heat Network $1,039.6 - -
- Generation $1,039.6 - -
- ESS - - -
- Load Shed 0 - -

Avg. Power Mismatch 0% 0% 23.8%
Network Loss 7.15MWh 10.47MWh 10.47MWh

Renewable Curtailment 1.39% 3.54% 10.73%

IV. NUMERICAL EXPERIMENTS

In this section, we validate the effectiveness of the pro-
posed market paradigm and solution strategy via quantitative
analyses on a standard test system. We carry out case studies
on the IEEE 6-bus transmission system connecting to two
multi-energy hubs based on the IEEE 13-bus distribution
system, whose data could be retrieved from [35]–[37]. Fig.
2 illustrates the test system’s topology. We solve all of the
SOCP subproblems by Gurobi 9.1 on a Windows PC with
quad-core Intel i7-6700 CPU and 8GB of RAM.

For the renewable uncertainty considered in the proposed
model, we normalize the historical data from a utility-level
wind turbine [38], and two DER-level photovoltaic panels [39].
Then we construct the ambiguity set following the procedure
described in Section II. D. for each distribution network.
Note that for different distribution systems, the ambiguity
set is independent since the training datasets from the his-
torical observations are i.i.d. For the AAL algorithm, we set
ε1, ε2 = 0.01 and select ι = 0.25 and ν = 2.2, fine-tuned by
computational trials.

A. Cost-effectiveness of Considering Multi-Energy Hubs

We first validate the cost-effectiveness of considering multi-
energy hubs by comparing the following cases.
• Case 1. T&D coordination with multi-energy hubs
• Case 2. T&D coordination with only power distribution
• Case 3. Disconnected T&D operations

For Case 2, we do not model the gas and heat distribution net-
works, while gas-fired generators ag1, ag2 use the normalized
gas fuel prices, and CHP is assumed as a linear-cost generator.
For Case 3, we perform the DRO-based multi-period ED

for both transmission and distribution systems independently
using fixed power exchange obtained by results in Case 2.

Table II tabulates the results of the three cases regarding
the economic performance of using different coordination
strategies. We use the finalized locational marginal prices in
the boundary node from the transmission side upon conver-
gence to calculate the power trade revenue, which means the
downstream operator could benefit from exporting power to
the upstream operator and vice versa. We also record the
average power mismatch as the active power difference in the
boundary node upon convergence.

As we compare Case 3 with Case 1 and Case 2, it is

Fig. 3. Energy hub unit dispatch for Case 1.

Fig. 4. Energy hub unit dispatch for Case 2.

straightforward to find the disconnected T&D operation is far
less cost-effective than the T&D coordination. The renewable
curtailment also raises if the two agents perform individual
optimization because the excess power from uncertain outputs
in different regions could not support each other. If we
compare Case 1 with Case 2, considering the multi-energy
hub in the T&D coordination yields higher profits since the
explicit network modeling reduces the potentially inaccurate
cost estimation of other energy sectors. Moreover, taking
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Fig. 5. Comparison between different uncertainty models

TABLE III
MAXIMUM SOCP GAP VALUES OF THE POWER AND GAS NETWORKS

(P.U.)

Power Network Gas Network

SOCP gap 0.0039 0.0062

GESSs into account contributes to better scheduling of the gas
units. For the network loss, the reason why Case 1 outperforms
other cases lies in the higher capacity factor of gas units and
lower power imports from the transmission system. They both
reduce the total electrical distance from power sources to load
buses in the distribution network.

Fig. 3 and Fig. 4 depict the detailed dispatch results for Case
1 and Case 2. The gas units’ dispatch is highly sensitive to the
gas retail price. For example, at Hour 3-8, the gas price is the
lowest in one day, making the gas units receive sufficient fuels
and generate more power to charge the PESS while exporting
power to the transmission grid. At noon, the PV generation
increases and helps the ESS store more energy to feed the
peak load at night. By comparing Case 1 and Case 2, the
lack of explicit gas network modeling lowers the capability of
the gas generation because no GESS would help with the gas
arbitrage. Moreover, the gas units could not sufficiently capture
the price fluctuation without the compressor model. Hence, the
weak gas units’ generation capability forces the downstream
operator to reduce the power export and reap lower revenues.
As the CHP is the only heat source in the heat network, it
needs to maintain the power level to ensure sufficient heat
supplies, which is common in residential districts [36].

B. Comparison between Uncertainty Models

To further demonstrate the advantage of using the DRO-
based uncertainty model, we test cases with other uncertainty
models, including Case 4 (deterministic), Case 5 (SP), and
Case 6 (RO). For Case 4, we use the K-means centroid
value of historical observations to represent the uncertainty.
For Case 5, we apply the Monte-Carlo sampling to generate
20 equiprobable scenarios and reduce (10) to a single-stage
stochastic conic program. For Case 6, we replace the ambi-

Fig. 6. Convergence of different types of algorithms

guity set with the polyhedral uncertainty set, [34] which is
constructed using the maximum and minimum values of the
renewable forecast, i.e.,

URO = {P̃r,h|Pmin
r,h ≤ P̃r,h ≤ Pmax

r,h }
Fig. 5 illustrates the comparison. Case 4 serves as the base

case since the problem is solved with a widely applied but
inaccurate characterization of uncertainties. We could find the
SP in Case 5 yields the most cost-effective result among the
three uncertainty models, which is also closest to the base case,
but with more iterations required for the AAL convergence. In
each AAL iteration, the Lagrangian multiplier is updated as an
expected value of all scenarios’ outcomes, which hinders the
optimal search. RO in Case 6 achieves the fastest convergence
rate but with highly conservative solutions, as it always draws
the worst-case scenario in which the renewable generation
is limited. The DRO-based model in Case 1, comparatively,
becomes the most competitive choice as it balances the trade-
off between computational speed and solution conservatism.
Albeit solving subproblems with different models requires
different times, the AAL algorithm parallelizes the subproblem
solution procedures, making the iteration counter comparable.

C. SOCP Exactness Evaluation

Our work adopts the SOCP relaxation in both the power
distribution and gas distribution systems as the branch flow
model and the relaxed Weymouth equation. Note that the
SOCP-based branch flow model has enjoyed wide recognition
for its exactness in representing the actual AC power flow
[40]. Similarly, the Weymouth equation can also be exactly
relaxed via the conic formulation, as reported in [41]. To
further validate the exactness of the SOCP approximation,
Table III shows the maximum SOCP gaps for both the power
and gas distribution networks.

As shown in Table III, the SOCP gap values are sufficiently
small for both networks, which proves the proposed methods’
exactness for approximating the DRO model’s energy flows.
It is also worth mentioning that this approximation cannot
completely substitute actual energy flow analyses but could
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serve as a satisfactory starting setpoint when running energy
flow calculations with improved computational speed.

D. Decentralization Convergence Analysis

Though the AAL algorithm converges very quickly, its
convergence pattern is slightly different from other centralized
or decentralized methods. We are interested in investigating
the AAL convergence by comparing it with a centralized
method, Benders decomposition (BD), and another decentral-
ized method, ADMM. To simplify the BD, we reduce the
DRO-based subproblem to the deterministic equivalent form,
and hence (12) becomes a typical two-stage SP problem.
Fig. 6 reports the evolution of one boundary power injection
variable when h = 5 under the three algorithms. We could
observe that AAL crosses the optimal solution several times
because it utilizes two primal and Lagrangian updates in
each iteration to facilitate the solution, which asks for more
penalizing measures. While ADMM also has this pattern, its
convergence is slower than AAL. The centralized approach
of BD never crosses the optimal solution since the bounding
cuts are optimally conditioned, which guarantees the global
optimality albeit a low convergence rate.

E. Scalability Test

In this subsection, we provide an additional test on a large-
scale system to further validate the scalability of the proposed
method. The test system is a T118E20 system consisting of
one IEEE 118-bus system with high renewable penetration
[42] and 20 duplicates of the multi-energy hub from Fig. 2.
We place the 20 energy hubs in the original load buses and
keep the renewable generators with the same dataset in Section
IV to generate the ambiguity set.

Fig. 7 presents the performance of the proposed method
in the large-scale test case. Since the proposed method is
a distributed algorithm, parallel computing is a natural way
to maximize resource usage for solving the problem. Each
transmission and distribution operator can solve their schedul-
ing problem locally and then communicate the Lagrangian
information. Hence, we record the highest computational time
per iteration that one agent needs to take to solve the local
problem. We also report the objective value deviation from
the optimally converged result to demonstrate the convergence
progress. From Fig. 7, we observe that by leveraging parallel
computing, solving large-scale T&D scheduling problems is
efficient at the minute level due to the fast convergence rate
of the AAL method.

V. CONCLUDING REMARKS

This paper proposes a novel scheduling framework as a
market paradigm for the T&D coordinative operation. The
proliferating penetration of renewable generation and the in-
creasingly closer connection with other energy sectors create
more uncertainties to the distribution side, propagating system-
level power mismatch to the transmission side and leading
to suboptimal decision-making. We consider the multi-energy
hub in the distribution system to fill this gap with state-of-the-
art modeling of uncertainties in both upstream and downstream

Fig. 7. Computational performance of the scalability test

operators. Furthermore, the nature of T&D coordination re-
quires privacy-preserving operations between multiple agents,
while the AAL-based workflow shows its efficacy for handling
such a problem. The numerical experiments confirm the effec-
tiveness of the proposed modeling and solution strategies.

Future studies include considering a more realistic and
comprehensive market structure, such as the UC and balancing
market in the decentralized T&D scheme. It is also interesting
to further investigate whether the multi-energy hub as a dis-
tribution system could help the transmission operator mitigate
network congestions and contribute to carbon neutrality.
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